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Abstract We establish sharp asymptotic rates for the two Barzilai–Borwein
(BB) rules on uniformly positive quadratics and local nonlinear problems. In
finite dimensions, for either fixed rule and an arbitrary positive first step,
the gradient root factor is bounded by (b0 − a0)/(b0 + a0), where [a0, b0]
is the initially active spectral interval. Hence the worst trajectory factor is
cH = (κ(H)− 1)/(κ(H) + 1). When H has at least two distinct eigenvalues,
matched initialization and a balanced endpoint trajectory attain this value. Un-
der matched initialization, the same constant is the optimal uniform-envelope
threshold. For bounded, self-adjoint, uniformly positive operators on Hilbert
space, scalar spectral measures yield the corresponding active-support bound
and optimal matched uniform-envelope threshold, including continuous end-
point spectrum. Finally, if the gradient is strictly Fréchet differentiable at a
stationary point and its derivative is self-adjoint and uniformly positive, every
γ ∈ (c∗, 1), where c∗ = (κ(A∗) − 1)/(κ(A∗) + 1), is a uniform local envelope
rate for either pure BB rule. Every well-defined trajectory converging to the
stationary point has error and gradient root factors at most c∗ and objective-
gap root factor at most c2∗. Over the class of objectives with prescribed distinct
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derivative endpoints m∗ < M∗, matched endpoint trajectories for quadratic
and C∞ genuinely nonquadratic examples in R2 attain these factors.
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1 Introduction

Consider first the strongly convex quadratic problem

min
x∈Rd

q(x) =
1

2
xTHx− bTx, H = HT ≻ 0, (1.1)

with minimizer x∗ = H−1b and gradients gk = H(xk − x∗). The BB1 iteration
is

xk+1 = xk − αkgk, α0 > 0, αk =
gTk−1gk−1

gTk−1Hgk−1
(k ≥ 1). (1.2)

The delayed Rayleigh quotient is the main structural feature. For a current-
gradient rule, spectral normalization gives a one-step transformation of a
probability measure. For BB1, the normalized state consists of two consecutive
spectral-energy distributions. This one-step memory prevents a direct reduction
to the standard one-measure dynamics.

Barzilai and Borwein introduced the two classical secant choices and ana-
lyzed their two-dimensional behavior [4]. Raydan proved global convergence
of both choices on finite-dimensional strictly convex quadratics, and Dai and
Liao established R-linear convergence in arbitrary dimension for BB1, with an
analogous BB2 conclusion [8, 21]. These works did not determine the worst
trajectory root factor; Fletcher noted the absence of a realistic rate estimate
[9]. Dai and Fletcher investigated a dimension-dependent transition between
superlinear and linear behavior, while Dai derived the exact logarithmic recur-
rence in two dimensions and distinguished generic R-superlinear convergence
from the equal-energy linear exception [5, 6].

For matched BB1, Li and Sun [17] proved componentwise bounds with
factor 1−1/κ(H) and constructed an endpoint-supported trajectory with exact
factor

cH =
κ(H)− 1

κ(H) + 1
.

This leaves a gap between the upper and lower factors. Li and Huang’s Prop-
erty B gives componentwise R-linear bounds with factor 1 − λmin/M1 for a
broad class of retarded and hybrid rules, refined to 1 − 1/κ(H) when the
reciprocal steps are bounded above by λmax(H) [15]. For every d ≥ 4, Li, Jiang,
and Hong used a computer-assisted attracting period-seven construction to
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exhibit open families of strictly convex quadratics with corresponding open sets
of initial points on which BB1 converges without root-superlinear convergence
[16]. We seek the universal sharp upper threshold.

Probability-measure dynamics for current-gradient methods go back to
Akaike’s endpoint analysis of exact steepest descent [1]. Pronzato, Wynn, and
Zhigljavsky extended the endpoint and two-cycle analysis to P -gradient rules
in finite dimensions and Hilbert spaces and explicitly excluded BB from their
class [20]. Under the reparameterization P (λ) = Ψ(λ)/λ, Huang, Dai, Liu, and
Zhang obtained related finite-dimensional endpoint and asymptotic-ratio limits
[13]. The optimally tuned fixed-step method and exact steepest descent have
the same worst asymptotic gradient-norm factor cH [1, 10, 19].

Friedlander, Mart́ınez, Molina, and Raydan proved global convergence for a
bounded-retard Rayleigh-quotient framework containing both BB choices; see
[11, 24]. In Hilbert space, Azmi and Kunisch proved spectrally uniform R-linear
convergence with continuous spectrum and iteration-dependent BB1/BB2 selec-
tion [2]. We instead determine the sharp matched uniform-envelope threshold
for each fixed rule.

For nonlinear problems, frozen-quadratic comparisons have yielded local
results for pure, cyclic, and Hilbert-space BB methods under C3 or locally
Lipschitz-Hessian assumptions, sometimes conditional on trajectory conver-
gence [3, 7, 8, 18]. We ask whether the sharp fixed-rule quadratic threshold
persists under strict Fréchet differentiability of the gradient.

Our contributions are threefold.
First, in finite dimensions, if a0 < b0 are the endpoints of the initially active

spectrum, then, for either fixed BB rule and every α0 > 0, the gradient root
factor is at most (b0 − a0)/(b0 + a0). Consequently, the supremum over the
initial gradient and the positive first step equals cH . If H has at least two
distinct eigenvalues, a matched, balanced endpoint orbit attains this value.
Under matched initialization, cH is also the infimum of the uniform envelope
rates: every γ ∈ (cH , 1) is such a rate, whereas no γ ∈ (0, cH) is. A fixed
spectral conjugacy transfers these conclusions to BB2 and to fixed positive
weighted delayed Rayleigh rules.

Second, for a bounded, self-adjoint, uniformly positive operator A on a
Hilbert space, scalar spectral measures give the same active-support bound for
every positive first step. Under matched initialization,

cA =
maxσ(A)−minσ(A)

maxσ(A) + minσ(A)

is the optimal uniform-envelope threshold, even when one or both spectral
endpoints lie only in the continuous spectrum. If the two spectral endpoints are
distinct eigenvalues, a matched, balanced endpoint vector attains this factor
geometrically.

Third, let A∗ be the strict derivative of the gradient at a stationary point,
and suppose that it is self-adjoint and uniformly positive. Set

c∗ :=
κ(A∗)− 1

κ(A∗) + 1
.
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For either fixed pure BB rule, every γ ∈ (c∗, 1) is a uniform local envelope rate.
Every well-defined trajectory converging to the stationary point has error and
gradient root factors at most c∗ and objective-gap root factor at most c2∗. Over
the class of objectives with prescribed distinct derivative endpoints m∗ < M∗,
these constants are sharp: matched endpoint trajectories for quadratic and C∞

genuinely nonquadratic examples in R2 attain them.
The finite-dimensional proof uses a two-step dynamics on pairs of probability

distributions and a coboundary endpoint certificate. Periodic-orbit bounds
pass first to invariant measures through Poincaré recurrence and then to
arbitrary trajectories through empirical measures. Scalar spectral measures
and shrinking endpoint bands replace coordinates in Hilbert space, while
the nonlinear argument combines a uniform frozen-quadratic envelope with
finite-horizon comparison. For background on the coboundary viewpoint, see
[14].

Sections 2 to 10 develop the finite-dimensional theory. Section 11 and Ap-
pendix A treat Hilbert spaces, and Section 12 proves the nonlinear result.

2 Finite-dimensional setting and main results

For a nonzero initial gradient, extend the gradient sequence by gk = 0 after
finite termination and define

ρH(g0, α0) := lim sup
k→∞

(
∥gk∥
∥g0∥

)1/k

. (2.1)

We use the matched initialization

αmat
0 =

gT0 g0
gT0 Hg0

(2.2)

and, for BB1 under this matched initialization, call γ ∈ (0, 1) a uniform envelope
rate if there exists C = C(H, γ) <∞ such that

∥gk∥ ≤ Cγk∥g0∥ for every g0 ̸= 0 and every k ≥ 0. (2.3)

For a function Ψ : σ(H) → (0,∞), the associated delayed weighted Rayleigh
rule is

αΨ
k =

gTk−1Ψ(H)gk−1

gTk−1Ψ(H)Hgk−1
, k ≥ 1. (2.4)

Let {Pλ : λ ∈ σ(H)} be the orthogonal spectral projections and define the
initially active spectrum

Λ(g0) = {λ ∈ σ(H) : Pλg0 ̸= 0}. (2.5)

If Λ(g0) contains at least two points, set

a0 = minΛ(g0), b0 = maxΛ(g0), c(g0) =
b0 − a0
b0 + a0

; (2.6)
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if it is a singleton, set c(g0) = 0. Finally, write

cH =
λmax(H)− λmin(H)

λmax(H) + λmin(H)
=
κ(H)− 1

κ(H) + 1
. (2.7)

If σ(H) = {λ}, then H = λI. An arbitrary positive first step either
terminates immediately or leaves the gradient in the same eigenspace, after
which the next BB1 or BB2 step is 1/λ and terminates. Thus every trajectory
stops in at most two updates and cH = 0. All logarithmic normalized dynamics
below are therefore stated only on supports containing at least two spectral
points.

Theorem 1 Let the BB1 sequence be generated by (1.2) with arbitrary α0 > 0.
Then

ρH(g0, α0) ≤ c(g0) ≤ cH (g0 ̸= 0). (2.8)

Moreover,

sup
g0 ̸=0, α0>0

ρH(g0, α0) = cH . (2.9)

If H has at least two distinct eigenvalues, equality is attained under the matched
initialization: take g0 supported on the eigenspaces associated with a = λmin(H)
and b = λmax(H) and impose

∥Pag0∥2 = ∥Pbg0∥2. (2.10)

Then

∥gk∥ = ckH∥g0∥ (k ≥ 0). (2.11)

The singleton-spectrum case gives both sides zero by finite termination.

3 Spectral conjugacy and active-spectrum reduction

The weighted delayed family (2.4) is spectrally conjugate to BB1. It contains
the positive-weight rules studied in [12], with BB1 and BB2 corresponding to
Ψ = I and Ψ = H. The conjugacy below shows that a fixed positive spectral
weight does not change the exact asymptotic root-factor problem.

Lemma 1 Let Ψ : σ(H) → (0,∞), let g0 ̸= 0, and set

S = Ψ(H)1/2, g̃k = Sgk.

Suppose that {gk} uses an arbitrary first step α0 > 0 and the delayed weighted
rule (2.4) for k ≥ 1. Then

g̃1 = (I − α0H)g̃0, g̃k+1 = (I − αΨ
kH)g̃k, αΨ

k =
g̃Tk−1g̃k−1

g̃Tk−1Hg̃k−1
(k ≥ 1).

(3.1)
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Thus {g̃k} is a BB1 gradient sequence for the same Hessian and with the same
first step α0. Moreover,

Λ(g̃0) = Λ(g0) (3.2)

and

lim sup
k→∞

(
∥gk∥
∥g0∥

)1/k

= lim sup
k→∞

(
∥g̃k∥
∥g̃0∥

)1/k

. (3.3)

Proof Because S and H are functions of the same symmetric matrix, they
commute. Hence the first update satisfies

g̃1 = S(I − α0H)g0 = (I − α0H)g̃0,

and, for every k ≥ 1,

g̃k+1 = S(I − αΨ
kH)gk = (I − αΨ

kH)g̃k.

The quotient in (3.1) follows from S2 = Ψ(H). Positivity of Ψ on the spectrum
makes S invertible and preserves every zero or nonzero spectral projection,
proving (3.2). Finally, with κS = ∥S∥∥S−1∥,

κ−1
S

∥gk∥
∥g0∥

≤ ∥g̃k∥
∥g̃0∥

≤ κS
∥gk∥
∥g0∥

.

The fixed equivalence constant disappears after taking kth roots.

For a weighted sequence with g0 ̸= 0, write

ρH,Ψ (g0, α0) := lim sup
k→∞

(
∥gk∥
∥g0∥

)1/k

. (3.4)

Corollary 1 Let Ψ : σ(H) → (0,∞), let the weighted delayed sequence use
(2.4) for k ≥ 1, and let α0 > 0 be arbitrary. Then, for every g0 ̸= 0,

ρH,Ψ (g0, α0) ≤ c(g0) ≤ cH , sup
g0 ̸=0, α0>0

ρH,Ψ (g0, α0) = cH .

If H has at least two distinct eigenvalues, then under the matched weighted
initialization

αΨ,mat
0 =

gT0 Ψ(H)g0
gT0 Ψ(H)Hg0

, (3.5)

the global factor is attained by a two-endpoint gradient satisfying

Ψ(a)∥Pag0∥2 = Ψ(b)∥Pbg0∥2, a = λmin(H), b = λmax(H). (3.6)

In particular, Ψ(t) = t gives BB2, for which the balance condition is

a∥Pag0∥2 = b∥Pbg0∥2.

Proof Apply Theorem 1 to the conjugate BB1 sequence from Lemma 1. The
matched initialization and balance condition become the ordinary BB1 matched
initialization and equal endpoint energies for g̃0.
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Related renormalizations appear in current-gradient measure dynamics
[13, 20]. Since the conjugacy reduces every fixed positive weighted delayed rule
to BB1, we therefore analyze BB1 in the remainder of the finite-dimensional
argument and transfer the conclusions through Corollary 1.

We next reduce BB1 to distinct active eigenvalues.

Lemma 2 Every BB1 trajectory with g0 ̸= 0 reduces, without changing its
asymptotic root factor, to a diagonal model

q(x) =
1

2
xTHx, H = diag(λ1, . . . , λn), 0 < λ1 < · · · < λn, (3.7)

with one coordinate for each distinct active eigenspace. Vanishing coordinates
are removed by passage to invariant faces.

Proof Translate x∗ to the origin and diagonalize H orthogonally. Orthogonal
transformations preserve Euclidean gradient norms and the BB1 Rayleigh
quotient. On an eigenspace associated with λ, the update multiplies the entire
projected gradient by the same scalar, so only its squared norm matters. The
component recurrence is

Pλigk+1 = (1− αkλi)Pλigk.

Thus a zero component can never be recreated. Only finitely many components
can disappear. After the last such event and at most one further state update,
deleting the vanished coordinates gives an invariant lower-dimensional face and
leaves all subsequent norms unchanged; discarding the preceding finite segment
does not alter the limsup in (2.1).

4 The normalized two-step dynamics

This section gives the normalized reduction used below. Fix an index set I
corresponding to at least two distinct active eigenvalues. For every J ⊆ I with
|J | ≥ 2, write

i−(J) = minJ, i+(J) = maxJ,

aJ = λi−(J), bJ = λi+(J), mJ =
aJ + bJ

2
, cJ =

bJ − aJ
bJ + aJ

.
(4.1)

For J = I we suppress the argument. Let ei denote the ith vertex of the
probability simplex and define

w∗
J =

1

2
ei−(J) +

1

2
ei+(J). (4.2)

If J ⊆ I and |J | ≥ 2, then cJ ≤ cI , with equality only when aJ = aI and
bJ = bI . Indeed, (b−a)/(b+a) is strictly decreasing in a and strictly increasing
in b for 0 < a < b, while [aJ , bJ ] ⊆ [aI , bI ].
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For k ≥ 0, define the squared spectral energies and their normalization by

Ek
i = (gk,i)

2, wk
i =

Ek
i∑

j∈I E
k
j

, wk ∈ ∆I , (4.3)

whenever gk ̸= 0, where

∆I =

{
w ∈ RI : wi ≥ 0,

∑
i∈I

wi = 1

}
.

Set
u(w) =

∑
i∈I

λiwi (4.4)

and, for z ∈ ∆I ,

ϕi(z) =

(
1− λi

u(z)

)2

. (4.5)

For k ≥ 1, the BB1 stepsize is αk = 1/u(wk−1), and therefore

Ek+1
i = ϕi(wk−1)E

k
i . (4.6)

Under the matched initialization (2.2), the same relation holds for k = 0 if
w−1 = w0.

Let
XI = ∆I ×∆I . (4.7)

For χ = (w, z) ∈ XI , define

rI(w, z)
2 =

∑
i∈I

ϕi(z)wi = ⟨ϕ(z), w⟩. (4.8)

Whenever rI(w, z) > 0, set

TI(w, z) =

(
ϕ(z)⊙ w

⟨ϕ(z), w⟩
, w

)
, (4.9)

where ⊙ denotes componentwise multiplication. If gk ̸= 0 and gk+1 ̸= 0, then

χk = (wk, wk−1), χk+1 = TIχk, ∥gk+1∥ = rI(χk)∥gk∥. (4.10)

Consequently, on every nonterminal segment for which the normalized states
χℓ, . . . , χm−1 are defined,

∥gm∥
∥gℓ∥

=

m−1∏
k=ℓ

rI(χk), log
∥gm∥
∥gℓ∥

=

m−1∑
k=ℓ

log rI(χk). (4.11)

For matched initialization, χ0 = (w0, w0) and (4.10) starts at k = 0. For
arbitrary α0 > 0, it starts at k = 1 from the unrestricted state χ1 = (w1, w0) ∈
XI . The function r2I is continuous and bounded on XI . If rI(χk) = 0, then
gk+1 = 0 and the original method terminates.
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5 Sharp endpoint orbit and the two-dimensional BB recurrence

We first establish the matching lower bound and then record the projective
recurrence that explains the instability of the extremal state.

Proposition 1 Let a < b be two eigenvalues. Suppose that g0 ̸= 0 is supported
on the corresponding eigenspaces and satisfies

∥Pag0∥2 = ∥Pbg0∥2. (5.1)

Under the matched initialization,

∥gk∥ =

(
b− a

b+ a

)k

∥g0∥ (k ≥ 0). (5.2)

Equivalently, the normalized state is fixed and assigns mass 1/2 to each of a
and b in both coordinates.

Proof The balance condition gives equal normalized endpoint energies, so
u(w0) = (a + b)/2. The matched stepsize is therefore 2/(a + b), and the
endpoint multipliers are

1− 2a

a+ b
=
b− a

b+ a
, 1− 2b

a+ b
= −b− a

b+ a
.

With ca,b = (b− a)/(b+ a),

Pagk = cka,bPag0, Pbgk = (−1)kcka,bPbg0. (5.3)

Thus the two endpoint components have equal squared energies at every step,
while their signs alternate relative to one another, and the norm identity follows.

Taking a = λmin(H) and b = λmax(H) proves the lower bound in (2.9).
This balanced orbit is the exceptional linear trajectory in the two-dimensional
BB analysis [4] and appears in endpoint-supported form in [17, Proposition 2].
Under the conjugacy in Lemma 1, equal endpoint energy becomes the weighted
balance (3.6).

For the two-eigenvalue model, write the gradient components as ξk and ηk
and set

ζk =
ξ2k
η2k

(5.4)

whenever both components are nonzero.

Proposition 2 As long as no component vanishes,

ζk+1 =
ζk
ζ2k−1

(k ≥ 1). (5.5)
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Under matched initialization, ζ1 = ζ−1
0 . The fixed solution ζk ≡ 1 is the unique

matched orbit for which {ζk} remains in a compact subinterval of (0,∞). More
precisely, if νk = log ζk, then

νk+1 = νk − 2νk−1, ν1 = −ν0, (5.6)

and, unless ν0 = 0,

lim sup
k→∞

|νk|1/k =
√
2. (5.7)

Proof If r = ζk−1, then

u(wk−1) =
ar + b

r + 1
.

Consequently,

1− a

u(wk−1)
=

b− a

ar + b
, 1− b

u(wk−1)
= − (b− a)r

ar + b
.

Taking the ratio of the updated squared energies gives (5.5); the matched first
step gives ζ1 = ζ−1

0 . Taking logarithms yields (5.6). Its characteristic roots
are (1± i

√
7)/2, both of modulus

√
2. Every nonzero real solution therefore

satisfies (5.7), while the matched constraint gives the zero solution exactly
when ν0 = 0.

Dai used the logarithmic recurrence above to separate the equal-energy
linear orbit from the nondegenerate R-superlinear case and proved, in the latter
case, that

lim
k→∞

min

{
∥gk+1∥
∥gk∥

,
∥gk+2∥
∥gk+1∥

,
∥gk+3∥
∥gk+2∥

}
= 0

[5, Sec. 2 and Theorem 2.1]. We later use this two-dimensional picture to
calibrate the lower-bound mechanism.

6 The endpoint inequality and a coboundary identity

The proof of the upper bound rests on the following elementary inequality.

Lemma 3 Let 0 < a < b and u ∈ [a, b]. Then

(
u− a

u

)b/(a+b) (
b− u

u

)a/(a+b)

≤ b− a

b+ a
. (6.1)

Equality holds if and only if u = (a+ b)/2.
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Proof At u = a or u = b, the left-hand side is zero, so the assertion is immediate.
Suppose u ∈ (a, b) and set

t =
u− a

b− u
> 0.

Then u = (a+ tb)/(1 + t) and

u− a

u
=
t(b− a)

a+ tb
,

b− u

u
=

b− a

a+ tb
.

The left-hand side of (6.1) is therefore

b− a

a+ tb
tb/(a+b).

Weighted AM–GM, applied to 1 and t with weights a/(a+ b) and b/(a+ b),
gives

a+ tb

a+ b
≥ tb/(a+b).

This proves the inequality. Equality in weighted AM–GM holds exactly when
t = 1, which is equivalent to u = (a+ b)/2.

For J ⊆ I with |J | ≥ 2, let

PJ = {(w, z) ∈ ∆J ×∆J : wi > 0, zi > 0 for all i ∈ J} , (6.2)

where ∆J is identified with the corresponding face of ∆I . To make the transfer
term meaningful on boundary states reached after an interior coordinate
vanishes, also set

HJ =
{
(w, z) ∈ ∆J ×∆J : wi−(J) > 0, wi+(J) > 0

}
. (6.3)

If χ = (w, z) ∈ PJ , then u(z) ∈ (aJ , bJ) and both χ and TIχ belong to HJ .
Define the endpoint transfer function on HJ by

hJ(w, z) = − bJ
2(aJ + bJ)

logwi−(J) −
aJ

2(aJ + bJ)
logwi+(J) (6.4)

and define on PJ the nonnegative defect

DJ(w, z) = log cJ − bJ
aJ + bJ

log
u(z)− aJ
u(z)

− aJ
aJ + bJ

log
bJ − u(z)

u(z)
. (6.5)

Lemma 4 For every χ ∈ PJ ,

log rI(χ) = log cJ −DJ(χ) + hJ(TIχ)− hJ(χ). (6.6)

Moreover, DJ ≥ 0, and DJ(χ) = 0 if and only if u(z) = mJ .
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Proof The nonnegativity and the equality condition are the logarithmic form
of Lemma 3. For the identity, abbreviate a = aJ , b = bJ , u = u(z), and
R = rI(w, z)

2. If TIχ = (w+, w), then

w+
i−(J) =

(1− a/u)2wi−(J)

R
, w+

i+(J) =
(1− b/u)2wi+(J)

R
.

Since a < u < b,

|1− a/u| = u− a

u
, |1− b/u| = b− u

u
.

Substitution into (6.4) gives

hJ(TIχ)− hJ(χ) = − b

a+ b
log

u− a

u
− a

a+ b
log

b− u

u
+

1

2
logR

= − b

a+ b
log

u− a

u
− a

a+ b
log

b− u

u
+ log rI(χ).

Rearranging and using (6.5) proves (6.6).

Equation (6.6) decomposes the one-step log growth rate into a critical
slope log cJ , a nonnegative defect DJ , and a boundary term hJ ◦ TI − hJ that
telescopes along an orbit. All subsequent work extracts the sharp constant
from this single identity.

7 An elementary bound for exact periodic orbits

Before the general argument we treat the most transparent case, where the
coboundary telescopes over one period.

Assume |I| ≥ 2. An exact p-periodic orbit is a sequence χ(0), . . . , χ(p−1) ∈
{χ ∈ XI : rI(χ) > 0} such that χ(j+1) = TIχ

(j), with indices understood
modulo p. Write

χ(j) = (w(j), z(j)), νj = u(z(j)), Rj = rI(χ
(j))2,

and define the per-step norm factor

ρ =

p−1∏
j=0

Rj

1/(2p)

. (7.1)

Theorem 2 Every exact periodic orbit satisfies

ρ ≤ cI .

Equality holds if and only if the orbit is the symmetric endpoint fixed point

χ∗
I = (w∗

I , w
∗
I ), w∗

I =
1

2
ei− +

1

2
ei+ .
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Proof For every coordinate i ∈ I, the normalized update is

w
(j+1)
i =

(1− λi/νj)
2

Rj
w

(j)
i . (7.2)

Let

S = {i ∈ I : w
(j)
i > 0 for some j}

be the active support of the periodic orbit. A coordinate that vanishes can never
be recreated. Hence periodicity implies that every i ∈ S is positive at every time,
and no factor 1−λi/νj with i ∈ S can vanish. Moreover, S contains at least two
indices. Indeed, if S = {i}, then periodicity and the second-coordinate relation
in TI give w(j) = z(j) = ei for every j, and hence rI(χ

(j)) = 0, contradicting
the assumed regularity of the periodic orbit. Multiplying (7.2) over one period

and using w
(p)
i = w

(0)
i > 0 gives∣∣∣∣∣∣

p−1∏
j=0

(
1− λi

νj

)∣∣∣∣∣∣ = ρp, i ∈ S. (7.3)

Set

P (λ) =

p−1∏
j=0

(
1− λ

νj

)
, λ− := min

i∈S
λi, λ+ := max

i∈S
λi.

Each νj is a convex combination of the eigenvalues indexed by S, so

aI ≤ λ− ≤ νj ≤ λ+ ≤ bI .

On [aI , λ−], every factor in P (λ) is nonnegative and nonincreasing in λ. There-
fore P is nonincreasing there, and (7.3) at the active lower endpoint gives

ρp = P (λ−) ≤ P (aI) =

p−1∏
j=0

νj − aI
νj

=: F. (7.4)

On [λ+, bI ], every factor has nonpositive sign and

|P (λ)| =
p−1∏
j=0

(
λ

νj
− 1

)

is nondecreasing. Hence (7.3) at the active upper endpoint yields

ρp = |P (λ+)| ≤ |P (bI)| =
p−1∏
j=0

bI − νj
νj

=: G. (7.5)
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Because every active coordinate is positive at every point of the periodic
orbit, each mean νj lies strictly between the active endpoints λ− and λ+. Hence
F,G > 0. Let ϑ = bI/(aI + bI). Then

ρp ≤ min{F,G} ≤ FϑG1−ϑ

=

p−1∏
j=0

(
νj − aI
νj

)bI/(aI+bI) (bI − νj
νj

)aI/(aI+bI)

≤ cpI , (7.6)

where the last inequality applies Lemma 3 to each νj ∈ [aI , bI ]. Thus ρ ≤ cI .
Suppose now that ρ = cI . Then every inequality in (7.6) is an equality. In

particular, the product of p quantities, each at most cI , equals c
p
I ; therefore

equality holds in Lemma 3 for every j. Hence

νj = mI =
aI + bI

2
(j = 0, . . . , p− 1). (7.7)

Substituting (7.7) into (7.3) gives, for every i ∈ S,∣∣∣∣1− λi
mI

∣∣∣∣ = cI .

The only solutions in [aI , bI ] are λi = aI and λi = bI . Thus S ⊆ {i−, i+}. The
mean condition (7.7) rules out a singleton support and forces equal endpoint
weights. Hence

z(j) = w∗
I , w(j) = z(j+1) = w∗

I

for every j, so the orbit is the fixed point χ∗
I . The converse follows immediately

from Proposition 1.

A general trajectory need not be periodic. The role of periodicity above —
returning to the starting state so that the boundary term hJ ◦TI−hJ telescopes
to zero — is played in the general case by Poincaré recurrence, to which we
now turn.

8 Compactification and invariant measures

We now pass from exact periodic orbits to general invariant behavior. Through-
out this section, |I| ≥ 2. We adjoin a terminal state for finite termination.
Let

Xreg
I = {χ ∈ XI : rI(χ) > 0}, ΣI = XI \Xreg

I , X̂I = XI ⊔ {θ}. (8.1)

Equip X̂I with the disjoint-union topology, with θ isolated. Then X̂I is a
compact metric space.

Define

T̂Iχ =

{
TIχ, χ ∈ Xreg

I ,

θ, χ ∈ ΣI ∪ {θ},
f̂I(χ) =

{
log rI(χ), χ ∈ Xreg

I ,

−∞, χ ∈ ΣI ∪ {θ}.
(8.2)
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The map T̂I is Borel and is continuous outside ΣI . f̂I is upper semicontinuous:
it is continuous on Xreg

I , the point θ is isolated, and log rI(χ) → −∞ as
χ approaches ΣI . Throughout the paper, if an extended-real function f is
bounded above, we use the convention∫

f dµ := lim
M→∞

∫
max{f,−M} dµ ∈ [−∞,∞).

In particular, positive mass on a set where f = −∞ forces the integral to be
−∞. Since |I| ≥ 2,

MI := max
χ∈X̂I

f̂I(χ) =
1

2
log max

χ∈XI

rI(χ)
2 (8.3)

is a finite real number.
For a nonempty J ⊆ I, set

XJ = ∆J ×∆J , X̂J = XJ ∪ {θ}.

Every X̂J is forward invariant. Indeed, if χ = (w, z) ∈ XJ ∩Xreg
I , then wi = 0

for every i /∈ J , and the first component w+ of TIχ satisfies

w+
i =

ϕi(z)wi

⟨ϕ(z), w⟩
= 0 (i /∈ J).

The second component of TIχ is w, so TIχ ∈ XJ . If χ ∈ XJ ∩ ΣI or χ = θ,
then T̂Iχ = θ ∈ X̂J . Thus no spectral coordinate outside J can be created by
the compactified dynamics.

We use the standard ergodic decomposition, Poincaré recurrence, and
Birkhoff’s pointwise ergodic theorem. See, for example, [23]. Since X̂I is a

compact metric space and T̂I is Borel, every invariant probability measure
admits an ergodic decomposition. All integrals of f̂I are understood in the
extended sense fixed above. Because f̂I ≤ MI , whenever

∫
f̂I dν > −∞ its

positive part is bounded and its negative part is integrable. Hence f̂I ∈ L1(ν),

so Birkhoff’s theorem is applicable to f̂I under precisely the finite-average
hypothesis used below.

We shall use two standard weak-convergence facts. If F is upper semicon-
tinuous, bounded above, and possibly takes the value −∞, then

µj ⇒ µ =⇒ lim sup
j→∞

∫
F dµj ≤

∫
F dµ. (8.4)

Indeed, for FM = max{F,−M} the bounded upper-semicontinuous Portman-
teau inequality applies, and monotone convergence applied to C − FM permits
M → ∞, where C is any finite upper bound for F . We also use that if
G is bounded and Borel and its discontinuity set has µ-measure zero, then∫
Gdµj →

∫
Gdµ.
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Lemma 5 Let ν be a T̂I-invariant Borel probability measure. Then ν(ΣI) = 0.
If, in addition, ∫

f̂I dν > −∞,

then ν({θ}) = 0 and therefore ν(ΣI ∪ {θ}) = 0.

Proof By construction,
T̂−1
I ({θ}) = ΣI ∪ {θ}.

Invariance gives
ν({θ}) = ν(ΣI) + ν({θ}),

so ν(ΣI) = 0. If ν({θ}) > 0, then f̂I(θ) = −∞, together with the finite upper

bound (8.3), forces
∫
f̂I dν = −∞.

Lemma 6 Let ν be an ergodic T̂I-invariant Borel probability measure satisfying∫
f̂I dν > −∞.

Then there exists J ⊆ I, with |J | ≥ 2, such that

ν(PJ) = 1. (8.5)

Proof By Lemma 5, ν(ΣI ∪ {θ}) = 0. Choose a minimal nonempty set J ⊆ I
such that ν(XJ) = 1; such a set exists because I is finite.

If |J | = 1, say J = {i}, then XJ = {(ei, ei)} ⊂ ΣI , because rI(ei, ei) = 0.
This contradicts ν(XJ) = 1 and ν(ΣI) = 0. Hence |J | ≥ 2.

Fix i ∈ J and set
Ai := XJ\{i} ∪ {θ}.

This is exactly the compactified face on which the ith coordinate is absent
from both components, and the preceding face-invariance argument shows that
Ai is forward invariant. Hence Ai ⊆ T̂−1

I Ai. Since ν is invariant,

ν(T̂−1
I Ai) = ν(Ai),

so the inclusion implies ν(T̂−1
I Ai \ Ai) = 0. Thus Ai is invariant modulo ν.

Ergodicity gives ν(Ai) ∈ {0, 1}, while minimality of J excludes the value 1;
consequently ν(Ai) = 0.

If (w, z) ∈ XJ ∩Xreg
I and wi = 0, then the ith coordinate is zero in both

components of T̂I(w, z) = (w+, w). Hence

{wi = 0} ∩XJ ∩Xreg
I ⊆ T̂−1

I Ai.

Using invariance, ν(Ai) = 0, ν(XJ) = 1, and ν(ΣI ∪ {θ}) = 0, we obtain

ν{wi = 0} = 0 (i ∈ J).

Extend the coordinate projections π1, π2 : XI → ∆I to X̂I by assigning
them the same arbitrary value at θ. On Xreg

I , the second output of T̂I(w, z) =
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TI(w, z) is w, so π2 ◦ T̂I = π1 outside ΣI . Since ν(ΣI ∪ {θ}) = 0, invariance

(T̂I)∗ν = ν therefore gives

(π2)∗ν = (π2)∗(T̂I)∗ν = (π2 ◦ T̂I)∗ν = (π1)∗ν. (8.6)

Thus the two coordinate marginals coincide. In particular, for every i ∈ J , let
Zi = {v ∈ ∆I : vi = 0}. Then

ν{zi = 0} =
(
(π2)∗ν

)
(Zi) =

(
(π1)∗ν

)
(Zi) = ν{wi = 0} = 0.

Since ν(XJ ) = 1, both coordinates are supported on J and are strictly positive
there almost surely. Intersecting these finitely many full-measure positivity
events gives ν(PJ) = 1.

Lemma 7 If ν is a T̂I-invariant Borel probability measure and∫
f̂I dν > −∞,

then ∫
f̂I dν ≤ log cI . (8.7)

Proof Let ν =
∫
η dΛ(η) be the ergodic decomposition. Applying the decom-

position to the bounded truncations max{f̂I ,−M} and then letting M → ∞
gives ∫

f̂I dν =

∫ (∫
f̂I dη

)
dΛ(η).

Since the left-hand side is finite and f̂I is bounded above,
∫
f̂I dη > −∞ for

Λ-almost every ergodic component. It therefore suffices to prove the bound for
an ergodic ν with finite integral.

By Lemma 6, ν(PJ) = 1 for some J ⊆ I with |J | ≥ 2. Set

P∞
J :=

⋂
n≥0

T̂−n
I

(
PJ ∩Xreg

I

)
. (8.8)

Because ν(PJ ) = 1 and ν(ΣI) = 0, the set PJ∩Xreg
I has full measure. Invariance

then gives, for every n ≥ 0,

ν
(
T̂−n
I (PJ ∩Xreg

I )
)
= ν(PJ ∩Xreg

I ) = 1.

The countable intersection in (8.8) therefore also has full measure:

ν(P∞
J ) = 1.

For every χ ∈ P∞
J and every k ≥ 0,

T̂ k
I χ ∈ PJ ∩Xreg

I .
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Thus the entire forward orbit remains nonterminal in the same relative interior
face. In particular, the coboundary identity (6.6) applies at every iterate and
hJ is finite along the whole orbit.

Since f̂I ∈ L1(ν), both the Birkhoff-generic set for f̂I and the set of recurrent
points have full measure. Intersect these two sets with P∞

J and choose χ in
the resulting full-measure intersection. Then there are nℓ → ∞ such that
T̂nℓ

I χ→ χ, and

1

n

n−1∑
k=0

f̂I(T̂
k
I χ) −→

∫
f̂I dν.

Since χ ∈ PJ and PJ is open in its face, the recurrence T̂nℓ

I χ→ χ takes place
inside the domain on which hJ is continuous. Hence

hJ(T̂
nℓ

I χ) −→ hJ(χ),

and therefore,

hJ(T̂
nℓ

I χ)− hJ(χ)

nℓ
−→ 0.

Summing (6.6) from k = 0 to nℓ − 1 yields

1

nℓ

nℓ−1∑
k=0

f̂I(T̂
k
I χ) = log cJ − 1

nℓ

nℓ−1∑
k=0

DJ(T̂
k
I χ) +

hJ(T̂
nℓ

I χ)− hJ(χ)

nℓ
.

Letting ℓ→ ∞ and using DJ ≥ 0 gives∫
f̂I dν ≤ log cJ ≤ log cI .

The same bound holds for almost every ergodic component and hence for the
original invariant measure.

9 Empirical measures and the sharp upper bound

The following is an extended-real, Borel-map variant of the semi-uniform
ergodic principle developed by Sturman and Stark [22]. We include the short
proof because the maps used below may be discontinuous on D, while the
upper-semicontinuous potential takes the value −∞ there.

Proposition 3 Let X be a compact metric space, let T : X → X be Borel,
and let D ⊂ X be a Borel set containing every discontinuity point of T . Let
f : X → [−∞,∞) be upper semicontinuous and bounded above, assume that
f = −∞ on D, and let β ∈ R. Suppose that∫

f dµ ≤ β (9.1)
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for every T -invariant Borel probability measure µ satisfying
∫
f dµ > −∞.

Then, for every η > 0, there exists Bη <∞ such that

n−1∑
k=0

f(T kx) ≤ n(β + η) +Bη (9.2)

for every integer n ≥ 1 and every x ∈ X such that x, Tx, . . . , Tn−1x all lie
outside D.

Proof Suppose that (9.2) fails for some η > 0. For every j choose an orbit
segment (xj , nj) avoiding D such that

nj−1∑
k=0

f(T kxj)− nj(β + η) > j. (9.3)

Since f is bounded above, nj → ∞. Passing to a subsequence, the empirical
measures

µj =
1

nj

nj−1∑
k=0

δTkxj

converge weakly to a probability measure µ.
For M > 0, set fM = max{f,−M}. Then fM is bounded and upper

semicontinuous, and fM ≥ f . From (9.3) and (8.4),∫
fM dµ ≥ lim sup

j→∞

∫
fM dµj ≥ β + η.

Let U = max{0, supX f}. Since U − fM ↑ U − f , monotone convergence gives∫
f dµ = lim

M→∞

∫
fM dµ ≥ β + η > −∞. (9.4)

Because f = −∞ on D and is bounded above, (9.4) implies µ(D) = 0.
Let φ ∈ C(X). Every discontinuity of φ ◦ T is a discontinuity of T and

therefore lies in D. Since µ(D) = 0, the function φ ◦ T is bounded and µ-
almost everywhere continuous. The Portmanteau consequence for bounded
almost-everywhere continuous functions therefore gives∫

φ ◦ T dµj −→
∫
φ ◦ T dµ.

Weak convergence also gives
∫
φdµj →

∫
φdµ, while∣∣∣∣∫ φ ◦ T dµj −

∫
φdµj

∣∣∣∣ = |φ(Tnjxj)− φ(xj)|
nj

≤ 2∥φ∥∞
nj

−→ 0.

Thus µ is T -invariant, contradicting (9.1) and (9.4).
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Call

χ, T̂Iχ, . . . , T̂
m−1
I χ

a nonterminal orbit segment if all m displayed points lie in Xreg
I .

Lemma 8 For every η > 0, there exists BI,η <∞ such that every nonterminal
orbit segment with arbitrary initial state χ ∈ XI satisfies

m−1∑
k=0

f̂I(T̂
k
I χ) ≤ m(log cI + η) +BI,η (m ≥ 1). (9.5)

Proof Apply Proposition 3 with

X = X̂I , T = T̂I , D = ΣI ∪ {θ}, f = f̂I , β = log cI .

The preceding properties of T̂I and f̂I , together with Lemma 7, verify all the
hypotheses; the nonterminal segments are precisely the admissible segments.

Proof (Proof of Theorem 1) Apply Lemma 2 and let I0 index the distinct
eigenvalues in Λ(g0). If |I0| = 1, then g1 is either zero or remains in the same
eigenspace; in the latter case α1 is the reciprocal eigenvalue and g2 = 0. Hence
the root factor is zero.

Assume |I0| ≥ 2. If g1 = 0, the conclusion is immediate. Otherwise, the
normalized state

χ1 = (w1, w0)

belongs to the closed face XI0 . For every m ≥ 2 with gm ≠ 0, the states
χ1, . . . , χm−1 form a nonterminal orbit segment, and

∥gm∥
∥g0∥

=
∥g1∥
∥g0∥

m−1∏
k=1

rI0(χk), χk = T̂ k−1
I0

χ1. (9.6)

Applying Lemma 8 to this segment gives, for every η > 0,

∥gm∥ ≤ ∥g1∥ exp(BI0,η)(cI0e
η)m−1 (m ≥ 2). (9.7)

If termination occurs at or before indexm, then gm = 0 and the same inequality
is trivial. The factor ∥g1∥/∥g0∥ and the shift from the exponent m to m − 1
concern only the single initial step. Both disappear after taking mth roots.
Thus, after dividing by ∥g0∥ and letting m→ ∞, we obtain

ρH(g0, α0) ≤ cI0e
η.

Letting η ↓ 0 proves the active-spectrum bound. Since the interval determined
by I0 is contained in [λmin(H), λmax(H)], we have cI0 ≤ cH .

The exact endpoint orbit in Proposition 1, with the global spectral endpoints
and matched initialization, has root factor cH . This proves (2.9) and the
attainment statement. The one-eigenvalue case was handled above.
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Corollary 2 Assume (2.2). For every ε satisfying

0 < ε < 1− cH ,

there exists Cε(H) <∞, independent of g0, such that

∥gk∥ ≤ Cε(H)(cH + ε)k∥g0∥ (k ≥ 0). (9.8)

Consequently, the infimum of the uniform envelope rates in (2.3) is exactly cH .

Proof Under matched initialization, the normalized orbit starts from χ0 =
(w0, w0). There are only finitely many possible active spectra J drawn from
the distinct eigenvalues of H. If |J | ≥ 2, choose ηJ > 0 such that

cJe
ηJ ≤ cH + ε.

The cocycle identity and Lemma 8 give

∥gk∥ ≤ exp(BJ,ηJ
)(cH + ε)k∥g0∥

for every matched trajectory with active spectrum J . If |J | = 1, the first step
terminates exactly. Taking the maximum of 1 and the finitely many constants
exp(BJ,ηJ

) proves (9.8). Conversely, if cH > 0, the exact endpoint orbit excludes
every γ ∈ (0, cH).

Corollary 3 Let Ψ : σ(H) → (0,∞) and use the matched weighted initializa-
tion (3.5). For every 0 < ε < 1− cH , there is Cε(H,Ψ) <∞ such that

∥gk∥ ≤ Cε(H,Ψ)(cH + ε)k∥g0∥ (g0 ̸= 0, k ≥ 0).

Consequently, the infimum of γ ∈ (0, 1) for which the displayed estimate holds
with a constant independent of g0 is exactly cH .

Proof Apply Corollary 2 to g̃k = Ψ(H)1/2gk and use norm equivalence as
in Lemma 1. If H has only one distinct eigenvalue, the threshold is zero by
finite termination. Otherwise, the exact matched weighted endpoint orbit in
Corollary 1 excludes every γ ∈ (0, cH).

Corollary 4 Assume g0 ̸= 0, let ek = xk − x∗, and set ∆k = q(xk) − q(x∗).
For BB1, and also for every fixed positive weighted rule, let the first step α0 > 0
be arbitrary and let ρ denote the root factor of the actual gradient sequence
{gk}; by Lemma 1, this is also the root factor of the conjugate sequence. Then

lim sup
k→∞

(
∥ek∥
∥e0∥

)1/k

= ρ (9.9)

and

lim sup
k→∞

(
∆k

∆0

)1/k

= ρ2. (9.10)

Therefore, over arbitrary positive first steps, the sharp global worst-case factors
are cH for the error norm and c2H for the objective gap. When H has at least
two distinct eigenvalues, these factors are attained by the corresponding matched
balanced endpoint orbit.
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Proof Since gk = Hek,

λmin(H)∥ek∥ ≤ ∥gk∥ ≤ λmax(H)∥ek∥.

Fixed norm-equivalence constants disappear after taking kth roots, proving
(9.9). Moreover,

∆k =
1

2
eTkHek =

1

2
gTkH

−1gk,

so
1

2λmax(H)
∥gk∥2 ≤ ∆k ≤ 1

2λmin(H)
∥gk∥2.

This proves (9.10). Sharpness follows from the endpoint orbit; for a weighted
method use (3.6).

10 Uniqueness of the maximizing invariant measure

The coboundary certificate also determines the unique invariant measure
attaining the sharp average. Recall

χ∗
I = (w∗

I , w
∗
I ), w∗

I =
1

2
ei− +

1

2
ei+ .

Proposition 4 Let |I| ≥ 2. Then

sup

{∫
f̂I dν : ν is a T̂I-invariant probability measure

}
= log cI . (10.1)

The unique maximizing invariant probability measure is

δχ∗
I
. (10.2)

Proof The upper bound is Lemma 7. The point χ∗
I is a fixed point of T̂I :

u(z) = (aI + bI)/2, so ϕi−(z) = ϕi+(z) = c2I , the two endpoint weights 1/2 are

preserved by TI , and f̂I(χ
∗
I) = log cI . Hence δχ∗

I
is invariant and attains the

supremum.
For uniqueness, let ν be an ergodic maximizing measure,

∫
f̂I dν = log cI ,

and adopt the notation of Lemma 7. Choose χ ∈ P∞
J so that χ is recurrent

and belongs to the countable intersection of the Birkhoff-generic sets for f̂I
and for all bounded truncations

DJ,M := min{DJ ,M}, M ∈ N,

where the truncations are extended by zero outside PJ . Let nℓ → ∞ be
recurrence times for χ. Equality throughout the proof of Lemma 7 then forces
the following.

(1) cJ = cI . Since cJ ≤ cI with equality only when aJ = aI and bJ = bI ,
the face J contains both endpoints of I.
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(2) DJ = 0 ν-almost everywhere. The chain in Lemma 7 shows

1

nℓ

nℓ−1∑
k=0

DJ(T̂
k
I χ) −→ 0

along the recurrent generic point. For each M > 0, 0 ≤ DJ,M ≤ DJ , so
Birkhoff’s theorem gives ∫

DJ,M dν = 0.

Letting M → ∞ and using monotone convergence yields
∫
DJ dν = 0, hence

DJ = 0 ν-almost everywhere. By the equality case of Lemma 4,

u(z) = mJ =
aJ + bJ

2
=
aI + bI

2
ν-almost everywhere.

Since the two coordinate marginals coincide, also u(w) = mJ ν-almost every-
where.

(3) No mass on interior coordinates. Put

a = aI , b = bI , m =
a+ b

2
.

Then (
1− a

m

)2

=

(
1− b

m

)2

= c2I ,

while, if J contains an intermediate eigenvalue, the number

ρ∗ := max
i∈J

a<λi<b

(
1− λi

m

)2

satisfies ρ∗ < c2I . Hence, whenever u(z) = m,

rI(w, z)
2 ≤ c2I

(
wi− + wi+

)
+ ρ∗

∑
i∈J

a<λi<b

wi ≤ c2I ,

and the last inequality is strict whenever an interior weight is positive. If
J contains no intermediate eigenvalue, this conclusion is immediate without
the term involving ρ∗. Since f̂I = log rI ≤ log cI ν-almost everywhere and∫
f̂I dν = log cI , we must have rI = cI ν-almost everywhere. Thus all interior

weights vanish. Combined with the positivity wi > 0 and zi > 0 for i ∈ J
supplied by Lemma 6, this gives

J = {i−, i+}.

The mean conditions u(w) = u(z) = m then give endpoint weights 1/2 in both
w and z. Thus ν = δχ∗

I
for every ergodic maximizing measure.

Finally, let ν be any invariant measure with
∫
f̂I dν = log cI . In its ergodic

decomposition, almost every component η satisfies
∫
f̂I dη ≤ log cI by Lemma 7,

while the average of these integrals equals log cI . Hence almost every component
is an ergodic maximizing measure and therefore equals δχ∗

I
, giving ν = δχ∗

I
.
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11 Extension to bounded positive operators on Hilbert spaces

We now extend the finite-dimensional theory from discrete spectral weights to
scalar spectral measures.

11.1 Statement of the extension

Let H be a real Hilbert space and let

A = A∗ ∈ L(H), 0 < mI ≤ A ≤MI <∞, (11.1)

where
m = minσ(A), M = maxσ(A).

For

Q(x) =
1

2
⟨Ax, x⟩ − ⟨b, x⟩, (11.2)

the minimizer is x∗ = A−1b. Set gk = A(xk − x∗) and apply BB1 in the form

xk+1 = xk − αkgk, α0 > 0, αk =
∥gk−1∥2

⟨Agk−1, gk−1⟩
(k ≥ 1). (11.3)

As before, the gradient sequence is set equal to zero after finite termination.
For g0 ̸= 0, define

ρA(g0, α0) := lim sup
k→∞

(
∥gk∥
∥g0∥

)1/k

. (11.4)

Let EA be the projection-valued spectral measure of A. For g ̸= 0, define
the normalized scalar spectral measure

νg(B) =
∥EA(B)g∥2

∥g∥2
, B ⊂ σ(A) Borel. (11.5)

This is a Borel probability measure on σ(A). For every bounded real-valued
Borel function φ,

⟨φ(A)g, g⟩
∥g∥2

=

∫
σ(A)

φ(λ) νg(dλ). (11.6)

We call
K(g) = supp νg (11.7)

the active spectral support of g. If K ⊂ (0,∞) is nonempty and compact, set

c(K) =


maxK −minK

maxK +minK
, |K| ≥ 2,

0, |K| = 1.
(11.8)

In particular,

cA = c(σ(A)) =
M −m

M +m
. (11.9)
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If σ(A) = {λ}, then A = λI and every quadratic BB1 or BB2 trajectory
terminates in at most two updates, independently of the positive first step. In
this case cA = 0. Statements involving log c(K) below assume that K has at
least two points.

For g0 ̸= 0, the matched initialization is

αmat
0 =

∥g0∥2

⟨Ag0, g0⟩
. (11.10)

Theorem 3 Let the sequence be generated by (11.3) with arbitrary α0 > 0.
Then, for every g0 ̸= 0,

ρA(g0, α0) ≤ c(K(g0)) ≤ cA. (11.11)

Under the matched initialization (11.10), every γ ∈ (cA, 1) admits a constant
C = C(A, γ) <∞ such that

∥gk∥ ≤ Cγk∥g0∥ for every g0 ̸= 0 and every k ≥ 0. (11.12)

No γ ∈ (0, cA) has this property. Hence

inf{γ ∈ (0, 1) : γ satisfies (11.12)} = cA. (11.13)

If a < b are eigenvalues of A, g0 ̸= 0 is supported on their eigenspaces, and

∥EA({a})g0∥2 = ∥EA({b})g0∥2, (11.14)

then the matched sequence satisfies

∥gk∥ =

(
b− a

b+ a

)k

∥g0∥ (k ≥ 0). (11.15)

In particular, if m < M and both m and M belong to the point spectrum, then

sup
g0 ̸=0, α0>0

ρA(g0, α0) = cA,

and the supremum is attained by the matched balanced endpoint orbit.

A purely continuous-spectrum trajectory with root factor cA is given in
Remark 1.
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11.2 Proof architecture and principal consequences

The Hilbert-space proof follows the finite-dimensional architecture in scalar-
spectral-measure form: ergodic decomposition and a countable-base argument
identify a fixed persistent support, shrinking endpoint bands replace end-
point coordinates in the coboundary certificate, and compactification together
with semi-uniformity yields the trajectory and uniform-envelope bounds. The
complete proof is given in Appendix A.

OpenAI language models assisted Shutai Yang in preparing an initial draft
of this extension from the finite-dimensional proof architecture that he had
developed.

For Hilbert-space weighted rules, let Ψ : σ(A) → (0,∞) be Borel and impose
the uniform two-sided bound

0 < ψ− ≤ Ψ(λ) ≤ ψ+ <∞ (λ ∈ σ(A)). (11.16)

Then the conjugating operator Ψ(A)1/2 is boundedly invertible. Consider

αΨ
k =

⟨Ψ(A)gk−1, gk−1⟩
⟨Ψ(A)Agk−1, gk−1⟩

, k ≥ 1. (11.17)

Under (11.16), the operator Ψ(A)A is uniformly positive, so the quotient is
well defined whenever gk−1 ̸= 0. Its matched initialization is

αΨ,mat
0 =

⟨Ψ(A)g0, g0⟩
⟨Ψ(A)Ag0, g0⟩

.

Corollary 5 Assume (11.16) and use (11.17) for k ≥ 1. For every g0 ̸= 0 and
α0 > 0, the weighted trajectory has root factor at most c(K(g0)) ≤ cA.

Under the matched weighted initialization, its optimal uniform-envelope
threshold is cA. More precisely, for γ ∈ (cA, 1), if C(A, γ) is a BB1 envelope
constant in (11.12), then

∥gk∥ ≤

√
ψ+

ψ−
C(A, γ)γk∥g0∥. (11.18)

If a < b are eigenvalues, g0 ̸= 0 is supported on their eigenspaces, and

Ψ(a)∥EA({a})g0∥2 = Ψ(b)∥EA({b})g0∥2, (11.19)

then the matched weighted sequence satisfies the exact identity (11.15). For
Ψ(λ) = λ this is BB2, with matched initialization α0 = ⟨Ag0, g0⟩/∥Ag0∥2 and
endpoint balance a∥EA({a})g0∥2 = b∥EA({b})g0∥2.

Corollary 6 Let {Hh, Ah}h∈I be any family of real Hilbert spaces and bounded
self-adjoint operators satisfying

mIh ≤ Ah ≤MIh (h ∈ I) (11.20)
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for fixed 0 < m ≤ M < ∞. Set cm,M = (M −m)/(M +m). Under matched
initialization, every γ ∈ (cm,M , 1) admits a constant C = C(m,M, γ) < ∞,
independent of h, the initial vector, and k, such that every BB1 gradient
sequence satisfies

∥g(h)k ∥ ≤ Cγk∥g(h)0 ∥ (h ∈ I, g(h)0 ̸= 0, k ≥ 0). (11.21)

The same conclusion holds for BB2 under its matched initialization, with a
possibly larger constant depending only on m, M , and γ.

For every rule covered above, the argument in Corollary 4 applies to
its actual Hilbert-space gradient sequence. If g0 ≠ 0, ek = xk − x∗, and
∆k = Q(xk)−Q(x∗), then

gk = Aek, ∆k =
1

2
⟨A−1gk, gk⟩,

m∥ek∥ ≤ ∥gk∥ ≤M∥ek∥,
1

2M
∥gk∥2 ≤ ∆k ≤ 1

2m
∥gk∥2.

Hence the error norm and the actual gradient norm have the same root factor,
and the objective-gap root factor is the square of this common value. Proofs of
Theorem 3 and Corollaries 5 and 6 are included in Appendix A.

12 Nonlinear localization at a nondegenerate minimizer

We now localize the sharp quadratic threshold near a nondegenerate minimizer.
Earlier frozen-quadratic analyses use stronger smoothness. Liu and Dai

sketched the pure-BB1 comparison under C3 regularity in the proof of their
hybrid-method theorem [18, proof of Theorem 4.2]. Dai and Liao recorded the
resulting R-linear conclusion for BB1 under the same regularity, conditional
on convergence to a stationary point with positive-definite Hessian [8, Sec. 3].
Complete fixed-horizon analyses were later proved for cyclic BB1 in finite
dimensions and for iteration-dependent BB1/BB2 choices in Hilbert space under
a locally Lipschitz Hessian; their comparison lemmas control the nonlinear–
quadratic discrepancy by O(∥e0∥2) until the frozen model reaches the prescribed
contraction threshold [7, Lemma 2.2 and Theorem 2.3] and [3, Lemma 2.2 and
Theorem 2.2].

Here strict Fréchet differentiability of the gradient is enough. Uniform
two-point linearization and a pre-hitting lower bound for the frozen secants
yield an o(∥e0∥) fixed-horizon comparison; the strict gap between the quadratic
threshold and the prescribed envelope rate then permits restarts in uniformly
bounded blocks.

The nonlinear frozen-model strategy and the block-restart framework were
formulated by Shutai Yang; OpenAI language models assisted him in reor-
ganizing parts of the proof and proposing candidate derivations for selected
technical estimates.
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12.1 Strict linearization and the local BB iterations

Let H be a real Hilbert space, let U ⊂ H be open, and let F : U → R be
continuously Fréchet differentiable with gradient G : U → H. Fix x∗ ∈ U with
G(x∗) = 0. Assume that there exists a bounded, self-adjoint, uniformly positive
operator A∗. Define its exact spectral endpoints by

m∗ := minσ(A∗) = ∥A−1
∗ ∥−1 > 0,

M∗ := maxσ(A∗) = ∥A∗∥ <∞.
(12.1)

Thus 0 < m∗ ≤ M∗ and m∗I ≤ A∗ ≤ M∗I. Since U is open, choose r0 > 0
such that the closed ball

Br0(x∗) := {x ∈ H : ∥x− x∗∥ ≤ r0}

is contained in U ; throughout this section, Br(x∗) denotes this closed ball. For
0 < r ≤ r0, set

ω(r) := sup
x,y∈Br(x∗)

x̸=y

∥G(x)−G(y)−A∗(x− y)∥
∥x− y∥

. (12.2)

The function ω is nondecreasing. Assume that

ω(r) −→ 0 (r ↓ 0). (12.3)

This two-point condition is the strict Fréchet differentiability of G at x∗; in
particular, it implies ordinary Fréchet differentiability there with derivative
A∗ and makes ω(r) finite for all sufficiently small r. After decreasing r0 if
necessary, assume throughout that ω(r0) < m∗. If F ∈ C2 near x∗ and F ′′ is
continuous at x∗ in operator norm, then (12.3) holds with A∗ = F ′′(x∗); see
Corollary 7 below.

For s, y ∈ H with s ̸= 0 and ⟨s, y⟩ > 0, define

Φ1(s, y) =
∥s∥2

⟨s, y⟩
, Φ2(s, y) =

⟨s, y⟩
∥y∥2

. (12.4)

The subscripts refer to BB1 and BB2. Fix one rule ℓ ∈ {1, 2} throughout the
iteration and choose distinct initial points x−1, x0. At iteration k, first test
whether G(xk) = 0. If so, terminate and keep all subsequent iterates equal to
xk. Otherwise set

sk−1 = xk − xk−1, yk−1 = G(xk)−G(xk−1), αk = Φℓ(sk−1, yk−1),
(12.5)

and update
xk+1 = xk − αkG(xk), k ≥ 0. (12.6)

The local results below guarantee that every quotient actually invoked is well
defined and positive. For the frozen quadratic model G(x) = A∗(x− x∗), write
gk = A∗(xk − x∗). The initial secant s−1 = x0 − x−1 is arbitrary, subject
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only to s−1 ̸= 0. If g0 = 0, the stopping test terminates the method before
any quotient is evaluated. Otherwise, since y−1 = A∗s−1, the initial secant
determines the first quadratic BB step directly:

α0 =


∥s−1∥2

⟨s−1, A∗s−1⟩
, ℓ = 1,

⟨s−1, A∗s−1⟩
∥A∗s−1∥2

, ℓ = 2.

For every later secant generated by an executed update, namely for k ≥ 1
before termination,

sk−1 = xk − xk−1 = −αk−1gk−1, yk−1 = A∗sk−1.

The zero-homogeneity of the two secant quotients then gives

Φ1(sk−1, yk−1) =
∥gk−1∥2

⟨A∗gk−1, gk−1⟩
,

Φ2(sk−1, yk−1) =
⟨A∗gk−1, gk−1⟩
∥A∗gk−1∥2

.

Thus the arbitrary initial secant enters through the first secant quotient,
whereas every subsequently generated secant yields exactly the delayed BB1 or
BB2 Rayleigh rule used in the quadratic sections.

Write

κ∗ := κ(A∗) =
M∗

m∗
, c∗ :=

M∗ −m∗

M∗ +m∗
=
κ∗ − 1

κ∗ + 1
. (12.7)

For a nonnegative scalar sequence {zk} and r > 0, define

rf(z; r) := lim sup
k→∞

(zk
r

)1/k

. (12.8)

For any distinct initial pair, set

R0 = max{∥x−1 − x∗∥, ∥x0 − x∗∥} > 0

and use

ρe = rf(∥xk − x∗∥;R0), ρg = rf(∥G(xk)∥;R0). (12.9)

Once the objective gap is nonnegative on a tail, define

ρF := lim sup
k→∞

(
F (xk)− F (x∗)

R2
0

)1/k

(12.10)

using any such tail. A finitely terminating sequence is assigned root factor zero.
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Theorem 4 Assume (12.1)–(12.3), fix ℓ ∈ {1, 2}, and use the corresponding
pure BBℓ rule. For every

γ ∈ (c∗, 1) (12.11)

there exist radii 0 < rγ ≤ rγ, and constants Cγ , C̃γ , C
′
γ < ∞, depending only

on the fixed local data A∗, r0, and ω|(0,r0], on γ, and on the chosen rule ℓ, with
the following property. Whenever

x−1, x0 ∈ Brγ (x∗), x−1 ̸= x0, (12.12)

the iteration is well defined: at each index, either the stopping test terminates
the method or the quotient in (12.5) is defined and positive. The resulting
iterates satisfy

xk ∈ Brγ (x∗) (k ≥ −1) (12.13)

and

∥xk − x∗∥ ≤ Cγγ
k max{∥x−1 − x∗∥, ∥x0 − x∗∥}, (12.14)

∥G(xk)∥ ≤ C̃γγ
k max{∥x−1 − x∗∥, ∥x0 − x∗∥} (12.15)

for every k ≥ 0. The larger radius rγ may be chosen so that x∗ is the unique
minimizer of F in Brγ (x∗), and

0 ≤ F (xk)− F (x∗) ≤ C ′
γγ

2k max{∥x−1 − x∗∥, ∥x0 − x∗∥}2. (12.16)

For every well-defined trajectory generated by this fixed rule and converging
to x∗,

ρe ≤ c∗, ρg ≤ c∗, ρF ≤ c2∗. (12.17)

For the fixed rule, the threshold is sharp over the class of objectives satisfying
the hypotheses above with the prescribed exact derivative endpoints m∗ and M∗:
no smaller nonnegative number can replace c∗.

If σ(A∗) = {λ}, then A∗ = λI and c∗ = 0. The theorem then says that every
prescribed γ ∈ (0, 1) is a local envelope rate and that every such convergent
trajectory has root factor zero, that is, it converges faster than every fixed
geometric rate.

12.2 Local secant geometry

For s ̸= 0, define the two frozen-quadratic secant steps

α̂1(s) =
∥s∥2

⟨s,A∗s⟩
, α̂2(s) =

⟨s,A∗s⟩
∥A∗s∥2

. (12.18)
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Lemma 9 Let 0 < r ≤ r0 be such that ω(r) < m∗, and let distinct x, y ∈
Br(x∗) be given. With

s = x− y, v = G(x)−G(y), εr = ω(r),

one has

(m∗ − εr)∥s∥2 ≤ ⟨s, v⟩ ≤ (M∗ + εr)∥s∥2, (12.19)

(m∗ − εr)∥s∥ ≤ ∥v∥ ≤ (M∗ + εr)∥s∥. (12.20)

Consequently both nonlinear BB steps are positive and satisfy

1

M∗ + εr
≤ Φ1(s, v) ≤

1

m∗ − εr
, (12.21)

m∗ − εr
(M∗ + εr)2

≤ Φ2(s, v) ≤
1

m∗ − εr
. (12.22)

After reducing the admissible radius so that ω(r) ≤ m∗/2, there exists a constant
Csec depending only on m∗ and M∗ such that

|Φℓ(s, v)− α̂ℓ(s)| ≤ Csecω(r), ℓ ∈ {1, 2}, (12.23)

where

Csec = max

{
2

m2
∗
,
14M2

∗
m4

∗

}
. (12.24)

Furthermore, for every x ∈ Br(x∗), with e = x− x∗,

(m∗ − εr)∥e∥ ≤ ∥G(x)∥ ≤ (M∗ + εr)∥e∥, (12.25)

m∗ − εr
2

∥e∥2 ≤ F (x)− F (x∗) ≤
M∗ + εr

2
∥e∥2. (12.26)

Proof By the definition of ω(r),

v = A∗s+ d, ∥d∥ ≤ εr∥s∥. (12.27)

Since m∗I ≤ A∗ ≤M∗I, Cauchy–Schwarz gives

⟨s, v⟩ = ⟨s,A∗s⟩+ ⟨s, d⟩ ∈
[
(m∗ − εr)∥s∥2, (M∗ + εr)∥s∥2

]
,

which is (12.19). Similarly, the triangle and reverse triangle inequalities give

∥v∥ ≤ ∥A∗s∥+ ∥d∥ ≤ (M∗ + εr)∥s∥

and
∥v∥ ≥ ∥A∗s∥ − ∥d∥ ≥ (m∗ − εr)∥s∥,

which proves (12.20). The BB1 bounds in (12.21) follow immediately. For BB2,
the lower bound follows by combining the lower bound for ⟨s, v⟩ with the upper
bound for ∥v∥, while Cauchy–Schwarz and the lower bound for ∥v∥ give

Φ2(s, v) =
⟨s, v⟩
∥v∥2

≤ ∥s∥
∥v∥

≤ 1

m∗ − εr
.
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For BB1,

|Φ1(s, v)− α̂1(s)| = ∥s∥2 |⟨s, d⟩|
⟨s, v⟩ ⟨s,A∗s⟩

≤ εr
m∗(m∗ − εr)

≤ 2

m2
∗
εr

when εr ≤ m∗/2.
For BB2, set

p = ⟨s,A∗s⟩, q = ∥A∗s∥2,
and

δ = ⟨s, d⟩, h = 2⟨A∗s, d⟩+ ∥d∥2.
Then

Φ2(s, v) =
p+ δ

q + h
, α̂2(s) =

p

q
,

and hence

|Φ2(s, v)− α̂2(s)| =
|qδ − ph|
q(q + h)

. (12.28)

The remainder bounds imply

|δ| ≤ εr∥s∥2, |h| ≤ (2M∗εr + ε2r)∥s∥2.

Moreover,

m∗∥s∥2 ≤ p ≤M∗∥s∥2, m2
∗∥s∥2 ≤ q ≤M2

∗∥s∥2,

and
q + h = ∥v∥2 ≥ (m∗ − εr)

2∥s∥2.
Substitution in (12.28) gives

|Φ2(s, v)− α̂2(s)| ≤
M2

∗ εr +M∗(2M∗εr + ε2r)

m2
∗(m∗ − εr)2

.

If εr ≤ m∗/2 ≤ M∗/2, the numerator is at most (7/2)M2
∗ εr and the de-

nominator is at least m4
∗/4. This proves (12.23) with the explicit constant in

(12.24).
Taking y = x∗ in (12.2), and using G(x∗) = 0, gives

G(x∗ + e) = A∗e+ re, ∥re∥ ≤ εr∥e∥,

which proves (12.25). Finally, the segment x∗ + te, 0 ≤ t ≤ 1, lies in Br(x∗),
and

G(x∗ + te) = tA∗e+ rt, ∥rt∥ ≤ tεr∥e∥.
Therefore

F (x∗ + e)− F (x∗) =

∫ 1

0

⟨G(x∗ + te), e⟩ dt = 1

2
⟨A∗e, e⟩+

∫ 1

0

⟨rt, e⟩ dt,

and ∣∣∣∣∫ 1

0

⟨rt, e⟩ dt
∣∣∣∣ ≤ ∫ 1

0

tεr∥e∥2 dt =
εr
2
∥e∥2.

Combining this with m∗∥e∥2 ≤ ⟨A∗e, e⟩ ≤M∗∥e∥2 proves (12.26).
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Lemma 10 There are constants L1, L2 <∞, depending only on m∗ and M∗,
such that for all nonzero u, v ∈ H,

|α̂ℓ(u)− α̂ℓ(v)| ≤ Lℓ

∥∥∥∥ u

∥u∥
− v

∥v∥

∥∥∥∥ ≤ 2Lℓ∥u− v∥
min{∥u∥, ∥v∥}

, ℓ ∈ {1, 2}. (12.29)

Proof Both maps are zero-homogeneous, so only the directions of u and v
matter. On the unit sphere, write

a(w) = ⟨w,A∗w⟩, b(w) = ∥A∗w∥2 = ⟨w,A2
∗w⟩.

For unit vectors w, z,

|a(w)− a(z)| ≤ 2M∗∥w − z∥,
|b(w)− b(z)| ≤ 2M2

∗∥w − z∥.

Moreover,

m∗ ≤ a(w) ≤M∗, m2
∗ ≤ b(w) ≤M2

∗ .

It follows that ∣∣∣∣ 1

a(w)
− 1

a(z)

∣∣∣∣ ≤ 2M∗

m2
∗
∥w − z∥,∣∣∣∣a(w)b(w)

− a(z)

b(z)

∣∣∣∣ ≤ (
2M∗

m2
∗

+
2M3

∗
m4

∗

)
∥w − z∥.

Thus one may take

L1 =
2M∗

m2
∗
, L2 =

2M∗

m2
∗

+
2M3

∗
m4

∗
.

Applying these estimates to w = u/∥u∥ and z = v/∥v∥ proves the first inequality
in (12.29). For the second, assume without loss of generality that ∥u∥ ≤ ∥v∥.
Then ∥∥∥∥ u

∥u∥
− v

∥v∥

∥∥∥∥ ≤ ∥u− v∥
∥u∥

+ ∥v∥
∣∣∣∣ 1

∥u∥
− 1

∥v∥

∣∣∣∣ ≤ 2∥u− v∥
∥u∥

,

and the claimed bound follows by symmetry.

12.3 Quadratic envelopes with a bounded first step

The nonlinear restart below produces a frozen first step from a secant joining
two nonlinear iterates. It is therefore important that the quadratic envelope
be uniform over a compact set of first steps, rather than only under matched
initialization.
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Proposition 5 Let A = A∗ be bounded and uniformly positive, and set

m = minσ(A), M = maxσ(A).

Fix ℓ ∈ {1, 2} and let I ⋐ (0,∞) be compact. Consider the quadratic iteration

êk+1 = (I − α̂kA)êk, α̂0 ∈ I, (12.30)

where, for k ≥ 1, α̂k is the pure BBℓ step computed from ŝk−1 = êk − êk−1 and
Aŝk−1. Set

cA =
M −m

M +m
.

For every β ∈ (cA, 1) there is C = C(A, I, β, ℓ) <∞ such that

∥êk∥ ≤ Cβk∥ê0∥ (k ≥ 0) (12.31)

for every ê0 ∈ H and every α̂0 ∈ I.

Proof Use the zero extension after termination and define

LI := sup
α∈I, λ∈σ(A)

|1− αλ| <∞. (12.32)

The first update therefore satisfies, for both the error and the gradient,

∥ê1∥ ≤ LI∥ê0∥, ∥ĝ1∥ ≤ LI∥ĝ0∥, ĝk = Aêk. (12.33)

If σ(A) = {λ}, then A = λI. Either ê1 = 0, or ŝ0 = −α̂0λê0 ≠ 0 and both
BB secant quotients equal 1/λ, so ê2 = 0. Thus (12.31) holds with

C = max

{
1,
LI

β

}
.

Assume henceforth that m < M , so cA > 0.
Consider first BB1. By (12.33) and the zero extension, termination at either

of the first two updates is covered by the prefactor max{1, LI/β}. We may
therefore assume ĝ1, ĝ2 ̸= 0; then the first generated secant is nonzero and

χ1 = (νĝ1 , νĝ0)

is a regular initial state of the two-step Hilbert-space system in Appendix A.1,
because its one-step multiplier is ∥ĝ2∥/∥ĝ1∥ > 0. Choose η > 0 so that

cAe
η < β. (12.34)

For every k ≥ 2 before termination, the states χ1, . . . , χk−1 form a nonterminal
segment, and the semi-uniform estimate (A.35) gives

∥ĝk∥ ≤ eBσ(A),η (cAe
η)k−1∥ĝ1∥ ≤ LIe

Bσ(A),η (cAe
η)k−1∥ĝ0∥. (12.35)

The same bound holds at and after termination under the zero extension. Since

m∥êk∥ ≤ ∥ĝk∥ ≤M∥êk∥,
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we obtain for k ≥ 2

∥êk∥ ≤ MLIe
Bσ(A),η

m
(cAe

η)k−1∥ê0∥ ≤ MLIe
Bσ(A),η

mβ
βk∥ê0∥,

Thus for BB1 one may take

C1(A, I, β) = max

{
1,
LI

β
,
MLIe

Bσ(A),η

mβ

}
. (12.36)

For BB2, define the transformed errors

ẽk = A1/2êk, s̃k−1 = A1/2ŝk−1. (12.37)

The update is still

ẽk+1 = (I − α̂kA)ẽk.

For every generated nonzero secant,

∥s̃k−1∥2

⟨s̃k−1, As̃k−1⟩
=

⟨ŝk−1, Aŝk−1⟩
⟨ŝk−1, A2ŝk−1⟩

=
⟨ŝk−1, Aŝk−1⟩
∥Aŝk−1∥2

,

which is exactly the BB2 step of the original sequence. Hence {ẽk} is a BB1
sequence for the same operator A and the same arbitrary first step α̂0 ∈ I.
Applying the BB1 estimate and using

√
m∥êk∥ ≤ ∥ẽk∥ ≤

√
M∥êk∥

gives

∥êk∥ ≤
√
M

m
C1(A, I, β)β

k∥ê0∥.

This proves the proposition uniformly over α̂0 ∈ I for both fixed rules.

12.4 Finite-horizon comparison with the frozen quadratic model

Fix a rule ℓ ∈ {1, 2}. For a local pair e−1 = x−1 − x∗ and e0 = x0 − x∗, let
ej = xj − x∗ denote the nonlinear sequence. Its frozen comparison sequence is
defined by

ê0 = e0, α̂0 = α̂ℓ(e0 − e−1), ê1 = (I − α̂0A∗)ê0, (12.38)

and, for j ≥ 1, by the pure quadratic BBℓ recurrence

ŝj−1 = êj − êj−1, α̂j = α̂ℓ(ŝj−1), êj+1 = (I − α̂jA∗)êj . (12.39)

As in Proposition 5, if the frozen sequence terminates, it is kept at zero and no
subsequent secant quotient is evaluated.
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Lemma 11 Fix an integer N ≥ 1 and τ ∈ (0, 1). There exist rN,τ > 0,
DN,τ < ∞, and a nondecreasing function εN,τ : (0, rN,τ ] → [0,∞) such that
DN,τ depends only on N, τ,m∗,M∗ and the fixed rule ℓ, while rN,τ and εN,τ

also depend on the local modulus ω, and

εN,τ (r) −→ 0 (r ↓ 0) (12.40)

and

εN,τ (r) ≤
τ

2
(0 < r ≤ rN,τ ). (12.41)

Suppose

R := max{∥e−1∥, ∥e0∥} ≤ r ≤ rN,τ , e−1 ̸= e0, e0 ̸= 0,

and let 1 ≤ q ≤ N . If

∥êj∥ ≥ τ∥e0∥ (0 ≤ j < q), (12.42)

then the nonlinear iteration is well defined through the update producing eq,
and

max
0≤j≤q

∥ej − êj∥ ≤ εN,τ (r)∥e0∥, (12.43)

max
0≤j≤q

(
∥ej∥+ ∥êj∥

)
≤ DN,τ∥e0∥. (12.44)

Proof For either frozen rule and every nonzero secant,

a− :=
1

M∗
≤ α̂j ≤

1

m∗
=: a+. (12.45)

For BB1 this is the usual Rayleigh-quotient bound. For BB2 it follows from
m∗A∗ ≤ A2

∗ ≤M∗A∗, which gives

1

M∗
≤ ⟨s,A∗s⟩

⟨s,A2
∗s⟩

≤ 1

m∗
.

Set

L∗ := max
α∈[a−,a+]
λ∈[m∗,M∗]

|1− αλ|, D0 := max
0≤j≤N

Lj
∗. (12.46)

The first frozen step and all subsequent frozen steps lie in the same interval, so
the zero extension after termination satisfies

max
0≤j≤N

∥êj∥ ≤ D0∥e0∥. (12.47)

Define

d∗ := a−m∗τ =
m∗τ

M∗
, δ∗ := min

{
1,
τ

2
,
d∗
4

}
, C0 := max{1, D0 + δ∗}.

(12.48)
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For every j < q, the condition (12.42) and (12.45) imply

∥ŝj∥ = α̂j∥A∗êj∥ ≥ a−m∗∥êj∥ ≥ d∗∥e0∥. (12.49)

Put

Ej = ej − êj , δj = max
0≤i≤j

∥Ei∥
∥e0∥

. (12.50)

Temporarily suppose that r is small enough that

C0r ≤ r0, ω(C0r) ≤
m∗

2
. (12.51)

The final choice of rN,τ below will enforce these conditions. Write

Ωr := ω(C0r).

By (12.21)–(12.22), every nonlinear step evaluated while its two secant end-
points remain in BC0r(x∗) satisfies the common upper bound

0 < αj ≤
1

m∗ −Ωr
≤ 2

m∗
. (12.52)

Because e0 ̸= 0 and Ωr < m∗, (12.25) gives ∥G(x∗+e0)∥ ≥ (m∗−Ωr)∥e0∥ >
0; hence the initial stopping test does not terminate the method. Since the two
initial points lie in Br(x∗) ⊂ BC0r(x∗), (12.23) gives

|α0 − α̂0| ≤ C1Ωr, C1 := Csec. (12.53)

Moreover,

E1 = e1 − ê1 = −(α0 − α̂0)A∗e0 − α0

(
G(x∗ + e0)−A∗e0

)
. (12.54)

The strict linearization estimate and (12.52) therefore yield

∥E1∥ ≤M∗C1Ωr∥e0∥+
2

m∗
Ωr∥e0∥.

Thus

δ1 ≤ B1Ωr, B1 :=M∗C1 +
2

m∗
. (12.55)

Suppose that the nonlinear and frozen sequences have been constructed
through an index j ∈ {1, . . . , q − 1} and that

δj ≤ δ∗. (12.56)

For every 0 ≤ i ≤ j, (12.47) and (12.56) imply

∥êi∥ ≤ D0∥e0∥,
∥ei∥ ≤ ∥êi∥+ ∥Ei∥ ≤ (D0 + δ∗)∥e0∥ ≤ C0∥e0∥ ≤ C0r. (12.57)

Thus all local secant and gradient estimates may be applied on BC0r(x∗).
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The actual and frozen generated secants satisfy

sj−1 − ŝj−1 = (ej − ej−1)− (êj − êj−1) = Ej − Ej−1, (12.58)

and hence
∥sj−1 − ŝj−1∥ ≤ 2δj∥e0∥. (12.59)

By (12.49) with index j − 1 and δj ≤ δ∗ ≤ d∗/4,

∥ŝj−1∥ ≥ d∗∥e0∥,

∥sj−1∥ ≥ ∥ŝj−1∥ − ∥sj−1 − ŝj−1∥ ≥ (d∗ − 2δj)∥e0∥ ≥ d∗
2
∥e0∥. (12.60)

In particular, the actual secant is nonzero. Also, since j < q,

∥ej∥ ≥ ∥êj∥ − ∥Ej∥ ≥ (τ − δ∗)∥e0∥ ≥ τ

2
∥e0∥ > 0. (12.61)

The local gradient equivalence therefore gives G(x∗ + ej) ̸= 0, so the stopping
test at index j does not terminate the method, and Lemma 9 makes the next
nonlinear quotient well defined and positive.

We now estimate the difference between the nonlinear and frozen steps.
Insert the frozen quotient evaluated at the actual secant:

|αj − α̂j | ≤ |Φℓ(sj−1, yj−1)− α̂ℓ(sj−1)|+ |α̂ℓ(sj−1)− α̂ℓ(ŝj−1)| . (12.62)

The first term is at most CsecΩr. For the second, use (12.29), (12.59), and
(12.60):

|α̂ℓ(sj−1)− α̂ℓ(ŝj−1)| ≤
2Lℓ∥sj−1 − ŝj−1∥

min{∥sj−1∥, ∥ŝj−1∥}
≤ 2Lℓ 2δj∥e0∥

(d∗/2)∥e0∥
=

8Lℓ

d∗
δj .

Consequently

|αj − α̂j | ≤ A0δj +B0Ωr, A0 :=
8Lℓ

d∗
, B0 := Csec. (12.63)

Here, A0δj measures the error in the secant direction, whereas B0Ωr measures
the nonlinear deviation of the gradient secant from A∗sj−1.

Let
Rj := G(x∗ + ej)−A∗ej , ∥Rj∥ ≤ Ωr∥ej∥.

Subtracting the two updates gives the exact identity

Ej+1 = (I − α̂jA∗)Ej − (αj − α̂j)A∗ej − αjRj . (12.64)

By (12.46), (12.57), (12.52), and (12.63),

∥Ej+1∥
∥e0∥

≤ L∗δj + (A0δj +B0Ωr)M∗C0 +
2

m∗
ΩrC0

=
(
L∗ +A0M∗C0

)
δj + C0

(
M∗B0 +

2

m∗

)
Ωr.
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Since

δj+1 = max

{
δj ,

∥Ej+1∥
∥e0∥

}
,

one may take

A := max {1, L∗ +A0M∗C0} , B := C0

(
M∗B0 +

2

m∗

)
, (12.65)

and obtain
δj+1 ≤ Aδj +BΩr. (12.66)

Here A and B depend only on N, τ,m∗,M∗ and the fixed rule.
Set

B := max{B,B1}, KN,τ := B

N−1∑
i=0

Ai. (12.67)

Because ω(t) → 0, we can choose rN,τ > 0 small enough that

C0rN,τ ≤ r0, ω(C0rN,τ ) ≤
m∗

2
, KN,τω(C0rN,τ ) ≤ δ∗. (12.68)

We claim that, simultaneously with the construction of the nonlinear iterates
through index q,

δj ≤ BΩr

j−1∑
i=0

Ai ≤ KN,τΩr ≤ δ∗, 1 ≤ j ≤ q. (12.69)

For j = 1, this follows from (12.55). Suppose it holds through some j < q. The
last inequality in (12.69) verifies the hypothesis needed to construct the next
step. Applying (12.66) and using B ≤ B gives

δj+1 ≤ ABΩr

j−1∑
i=0

Ai +BΩr = BΩr

j∑
i=0

Ai,

This proves the induction and validates the construction through the update
producing eq.

For every j < q, (12.61) shows that the nonlinear iterate is nonstationary.
The initial secant is nonzero by hypothesis, and every later secant has the form

sj−1 = −αj−1G(x∗ + ej−1) ̸= 0.

Hence every quotient required before the update producing eq is well defined
and positive.

Finally, set

εN,τ (r) := KN,τω(C0r), DN,τ := 2D0 + δ∗. (12.70)

The function εN,τ is nondecreasing and tends to zero. By (12.68), it is at most
δ∗ ≤ τ/2. (12.69) gives (12.43), while

∥ej∥+ ∥êj∥ ≤ ∥Ej∥+ 2∥êj∥ ≤ (δ∗ + 2D0)∥e0∥ = DN,τ∥e0∥

proves (12.44).
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12.5 Proof of the sharp local threshold

Proof (Proof of Theorem 4) Write ek = xk − x∗. If e0 = 0, the stopping test
terminates the method at x∗ before any secant quotient is evaluated. Assume
henceforth that e0 ̸= 0.

Fix γ ∈ (c∗, 1) and choose

c∗ < β < γ. (12.71)

For every nonzero secant s, the frozen first step α̂ℓ(s) belongs to a compact
interval Iℓ = [1/M∗, 1/m∗] ⋐ (0,∞). By Proposition 5, there exists Cβ < ∞
such that every frozen comparison sequence satisfies

∥êj∥ ≤ Cββ
j∥ê0∥ (j ≥ 0), (12.72)

uniformly over its secant-generated first step.
Choose N ∈ N so large that

Cβ

(
β

γ

)N

≤ 1

4
, (12.73)

and set

τ =
1

4
γN . (12.74)

Then
∥êN∥ ≤ Cββ

N∥ê0∥ ≤ τ∥ê0∥.

Since ∥ê0∥ > τ∥ê0∥, every frozen orbit has a first index q ∈ {1, . . . , N} for
which

∥êq∥ ≤ τ∥ê0∥, ∥êj∥ > τ∥ê0∥ (0 ≤ j < q). (12.75)

This remains true if the frozen orbit terminates before N , because it is then
extended by zero.

Apply Lemma 11 with this N and τ . Shrink a radius r ≤ rN,τ , if necessary,
so that the local gradient and value estimates hold on Br(x∗) and ω(r) < m∗.
Consider any distinct pair with

max{∥e−1∥, ∥e0∥} ≤ r.

At the first frozen hitting time, the tracking estimate and εN,τ (r) ≤ τ/2 give

∥eq∥ ≤ ∥êq∥+ ∥eq − êq∥ ≤
(
τ +

τ

2

)
∥e0∥ =

3

8
γN∥e0∥ ≤ γq∥e0∥. (12.76)

The same lemma also gives, for every 0 ≤ j ≤ q,

∥ej∥ ≤ DN,τ∥e0∥. (12.77)

Thus a block of at most N steps contracts its current error by a factor no
greater than γq, while all intermediate errors are controlled by a fixed multiple
of the error at the beginning of that block.
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Let
D := max{1, DN,τ}, (12.78)

and define
rγ =

r

D
, rγ = r = Drγ . (12.79)

The smaller initial radius rγ = r/D guarantees, through the within-block
growth bound, that every block remains inside the larger ball.

Set k0 = 0. We construct consecutive block endpoints ki such that

∥eki
∥ ≤ γki∥e0∥. (12.80)

For i = 0 this is an equality, and the original pair (e−1, e0) lies in the smaller
ball and hence in the larger one. Suppose a nonterminal block endpoint ki
has been constructed. For i ≥ 1, the point immediately preceding the restart
belongs to the previous block. If that block began at ki−1, then (12.77) and
(12.80) give

∥eki−1∥ ≤ D∥eki−1
∥ ≤ Dγki−1∥e0∥ ≤ D∥e0∥ ≤ r, (12.81)

∥eki
∥ ≤ γki∥e0∥ ≤ ∥e0∥ ≤ rγ ≤ r. (12.82)

Thus the restarted pair lies in the larger ball.
If eki

= 0, the method has terminated. Otherwise the restarted pair is

distinct. Relabel the restarted pair as a new pair (e
(i)
−1, e

(i)
0 ) = (eki−1, eki). Its

frozen first step is
α̂ℓ(eki

− eki−1) ∈ Iℓ.

Applying the same argument to the restarted pair produces qi ∈ {1, . . . , N}.
Set ki+1 = ki + qi. Then

∥eki+1
∥ ≤ γqi∥eki

∥ ≤ γki+1∥e0∥. (12.83)

This closes the induction.
For an index ki ≤ k < ki+1, the within-block growth bound gives

∥ek∥ ≤ D∥eki∥ ≤ Dγki∥e0∥ = Dγ−(k−ki)γk∥e0∥ ≤ Dγ−Nγk∥e0∥. (12.84)

In particular,
∥ek∥ ≤ D∥e0∥ ≤ Drγ = r

for every k ≥ 0, while the two prescribed initial points are already in Brγ (x∗).
Therefore all iterates lie in Brγ (x∗) and the block construction also proves that
every quotient invoked by the nonlinear method is well defined and positive.

Taking
Cγ = Dγ−N (12.85)

and using ∥e0∥ ≤ R0 proves (12.14). On Br(x∗), (12.25) gives

∥G(xk)∥ ≤ (M∗ + ω(r))Cγγ
kR0,

so one may take
C̃γ = (M∗ + ω(r))Cγ . (12.86)
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Likewise, (12.26) gives

0 ≤ F (xk)− F (x∗) ≤
M∗ + ω(r)

2
C2

γγ
2kR2

0,

so one may take

C ′
γ =

M∗ + ω(r)

2
C2

γ . (12.87)

Because m∗ − ω(r) > 0, the lower value bound is strict away from x∗, hence
x∗ is the unique minimizer of F in the larger ball.

Let a well-defined trajectory generated by the fixed rule converge to x∗. Fix
γ ∈ (c∗, 1). If the trajectory does not terminate, then for all sufficiently large
K the consecutive pair (xK−1, xK) lies in Brγ (x∗). Relabeling this consecutive
pair as (x−1, x0) preserves its secant quotient, so the relabeled iteration is
exactly the original tail. The estimates above therefore give

ρe ≤ γ, ρg ≤ γ, ρF ≤ γ2.

Letting γ ↓ c∗ proves (12.17).
For sharpness, assume that m∗ < M∗, take x∗ = 0, and set

A∗ = diag(m∗,M∗) on R2.

For the quadratic objective Q(e) = 1
2 ⟨A∗e, e⟩, the balanced BB1 endpoint

orbit in Proposition 1, with a = m∗ and b =M∗, has exact gradient factor c∗.
Its BB2 counterpart is given by Corollary 1 with Ψ(t) = t and the weighted
balance (3.6). Thus no number smaller than c∗ is a valid uniform threshold.

For a genuinely nonquadratic example with the same sharp factor, fix
ℓ ∈ {1, 2} and write e = (u, v). In error coordinates, the endpoint orbit just
cited alternates between

L
(ℓ)
± = span(1,±rℓ), r1 =

m∗

M∗
, r2 =

(
m∗

M∗

)3/2

.

Define the linear functionals by

φ
(ℓ)
+ (u, v) = v − rℓu, φ

(ℓ)
− (u, v) = v + rℓu.

Then kerφ
(ℓ)
± = L

(ℓ)
± , and their product is the elementary quadratic polynomial

φ
(ℓ)
+ (u, v)φ

(ℓ)
− (u, v) = v2 − r2ℓu

2.

For any η > 0, set

Pℓ(u, v) =
(
v2 − r2ℓu

2
)2
, Fη,ℓ(u, v) =

1

2

(
m∗u

2 +M∗v
2
)
+ ηPℓ(u, v).

The polynomial Pℓ is nonzero and homogeneous of degree four, so this objective
is genuinely nonquadratic and belongs to C∞. Moreover,

∇Pℓ(u, v) = 4
(
v2 − r2ℓu

2
)
(−r2ℓu, v),
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so Pℓ = 0 and ∇Pℓ = 0 on L
(ℓ)
+ ∪ L

(ℓ)
− . Since also D2Pℓ(0) = 0, one has

F ′′
η,ℓ(0) = A∗. Thus Fη,ℓ satisfies the hypotheses of the theorem. In addition,

Fη,ℓ(e) ≥
m∗

2
∥e∥2,

so the origin is its unique global minimizer.
Given t > 0, choose

e−1 = t(1, rℓ), e0 = tc∗(1,−rℓ).

These are two consecutive points of the cited quadratic endpoint orbit. At every
point of that orbit, ∇Fη,ℓ(e) = A∗e. Hence the nonlinear gradient secants, BBℓ
quotients, and updates agree exactly with their quadratic counterparts, and
induction gives

ek = tck+1
∗

(
1, (−1)k+1rℓ

)
(k ≥ 0).

Letting t ↓ 0 gives such a trajectory in every neighborhood of the minimizer.
Consequently this genuinely nonquadratic trajectory has ρe = ρg = c∗ and
ρF = c2∗.

Corollary 7 Let F ∈ C2 in a neighborhood of x∗ and assume

G(x∗) = 0, A∗ = F ′′(x∗) = A∗
∗, m∗ := minσ(A∗) > 0, M∗ := maxσ(A∗).

Then, for both pure BB1 and pure BB2, the local-envelope and convergent-
trajectory conclusions of Theorem 4 hold for F . If m∗ < M∗, the value c∗ is
sharp already within the C∞ nonquadratic subclass constructed in the proof of
Theorem 4.

Proof Here C2 means twice continuously Fréchet differentiable, so F ′′ is
operator-norm continuous. For x, y near x∗, the line segment from y to x
remains in the C2 neighborhood and

G(x)−G(y)−A∗(x− y) =

∫ 1

0

(
F ′′(y + t(x− y))−A∗

)
(x− y) dt.

Taking the supremum over a sufficiently small ball and using operator-norm
continuity of F ′′ at x∗ gives (12.3).

13 Concluding discussion

For each fixed pure BB rule on a finite-dimensional positive-definite quadratic,
every positive first step has gradient root factor at most the active-endpoint
constant, whose global value is cH = (κ(H)− 1)/(κ(H) + 1); when the global
endpoints are distinct, matched initialization and endpoint balance attain cH ,
which is also the matched uniform-envelope threshold. This sharpens the earlier
componentwise and Property B estimates [15, 17] by identifying the exact
norm-level threshold.
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In Hilbert space, the same cA = (M −m)/(M +m) is the sharp matched
uniform-envelope threshold for each fixed rule, and a trajectory with an arbi-
trary positive first step is controlled by its own active scalar spectral support.
When m < M , the balanced endpoint state is realized by a vector if and only
if both endpoint eigenspaces are nontrivial, while special operators with purely
continuous spectrum can also have trajectories whose root factor equals cA;
see Remark 1.

For nonlinear objectives, every γ ∈ (c∗, 1) is a local envelope rate under
strict Fréchet differentiability of the gradient, lowering the locally Lipschitz-
Hessian regularity used in earlier complete fixed-horizon analyses [3, 7]. The
trajectory bounds allow an arbitrary initial secant: every well-defined trajectory
converging to x∗ has error, gradient, and objective-gap root factors at most
c∗, c∗, and c

2
∗. Over the class of objectives with prescribed distinct derivative

endpoints m∗ < M∗, matched endpoint trajectories for quadratic and C∞

genuinely nonquadratic examples in R2 attain these factors.
Alternative delayed spectral steps can first be compared through their

normalized spectral dynamics. Endpoint cycles and a coboundary certificate
then diagnose the maximal invariant average. The conjugacy results show that
fixed positive spectral reweighting alone cannot lower the sharp threshold; any
improvement must change the extremal dynamics.
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A Proofs for the Hilbert-space extension

We now give the detailed proof of Theorem 3 and its weighted and family-uniform conse-
quences.

A.1 The two-step dynamics of scalar spectral measures

Fix a nonempty compact set K ⊂ (0,∞) and let P(K) be the space of Borel probability
measures on K, equipped with the weak topology. The space

XK = P(K)× P(K) (A.1)

is compact and metrizable. For ζ ∈ P(K), set

u(ζ) =

∫
K
λ ζ(dλ). (A.2)

For χ = (ν, ζ) ∈ XK , define

RK(ν, ζ) =

∫
K

(
1−

λ

u(ζ)

)2

ν(dλ), rK(ν, ζ) =
√
RK(ν, ζ). (A.3)
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On the regular set
Xreg

K = {χ ∈ XK : RK(χ) > 0}, (A.4)

let

TK(ν, ζ) = (ν+, ν), ν+(dλ) =
(1− λ/u(ζ))2

RK(ν, ζ)
ν(dλ). (A.5)

Lemma 12 The maps RK and rK are continuous on XK , and TK is continuous on Xreg
K .

Proof Let (νn, ζn) ⇒ (ν, ζ) in XK . Since λ 7→ λ is continuous on the compact set K,
u(ζn) → u(ζ). Moreover, u(ζn), u(ζ) ≥ minK > 0, so the functions

qn(λ) =

(
1−

λ

u(ζn)

)2

converge uniformly on K to q(λ) = (1− λ/u(ζ))2. Therefore∣∣∣∣∫
K
qn dνn −

∫
K
q dν

∣∣∣∣ ≤ ∥qn − q∥∞ +

∣∣∣∣∫
K
q dνn −

∫
K
q dν

∣∣∣∣ −→ 0,

which proves continuity of RK and hence of rK . If RK(ν, ζ) > 0, then RK(νn, ζn) > 0 for
all sufficiently large n. The same uniform-convergence argument applied to φqn shows that,
for every φ ∈ C(K),∫

K
φdν+n =

∫
K φqn dνn

RK(νn, ζn)
−→

∫
K φq dν

RK(ν, ζ)
=

∫
K
φdν+.

Thus ν+n ⇒ ν+, proving continuity of TK on the regular set.

Lemma 13 Let K ⊂ (0,∞) be compact and contain K(g0), and view every scalar spectral
measure supported in K as an element of P(K). For every k ≥ 1 such that gk ̸= 0 and
gk+1 ̸= 0,

(νk+1, νk) = TK(νk, νk−1),
∥gk+1∥
∥gk∥

= rK(νk, νk−1), νj = νgj . (A.6)

Under matched initialization, if the first update is nonterminal, the first normalized state is
χ0 = (ν0, ν0) and χ1 = TKχ0. For arbitrary α0 > 0, if the first update is nonterminal, the
first state governed by TK is χ1 = (ν1, ν0); no preceding spectral measure is introduced.

Proof For k ≥ 1, (11.6) gives αk = 1/u(νk−1). Since gk+1 = (I − αkA)gk, the functional
calculus gives, for every Borel set B ⊂ K,

∥EA(B)gk+1∥2 = ∥gk∥2
∫
B

(
1−

λ

u(νk−1)

)2

νk(dλ).

Taking B = K gives the norm multiplier, and normalization gives the updated probability
measure. Under (11.10), the same calculation for the first update uses α0 = 1/u(ν0) and
yields χ1 = TK(ν0, ν0) whenever g1 ̸= 0.

A multiplier cannot create spectral mass: (A.5) gives ν+ ≪ ν. To encode finite termina-
tion, set

ΣK = XK \Xreg
K

and adjoin an isolated point θ. On

X̂K = XK ⊔ {θ} (A.7)

define

T̂Kχ =

{
TKχ, χ ∈ Xreg

K ,

θ, χ ∈ ΣK ∪ {θ},
f̂K(χ) =

{
log rK(χ), χ ∈ Xreg

K ,

−∞, χ ∈ ΣK ∪ {θ}.
(A.8)

Then X̂K is compact, T̂K is Borel and continuous outsideΣK , and f̂K is upper semicontinuous
and bounded above.
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A.2 Ergodic support reduction and endpoint bands

For a T̂K -invariant probability measure Π, the relevant case is∫
f̂K dΠ > −∞. (A.9)

As in the finite-dimensional argument, we first reduce an ergodic invariant measure to a
single persistent support. The finite collection of coordinate faces is replaced by the support
of the barycenter of the first-coordinate marginal.

Lemma 14 Let Π be an ergodic T̂K-invariant Borel probability measure satisfying (A.9).
Then there exist a compact set S ⊂ K with at least two points and a Π-full, forward-invariant
Borel set Y∞

S such that every χ = (ν, ζ) ∈ Y∞
S satisfies

supp ν = supp ζ = S, (A.10)

and the same equality holds at every forward iterate of χ.

Proof Since T̂−1
K ({θ}) = ΣK ∪ {θ}, invariance gives Π(ΣK) = 0. The finite integral in (A.9)

excludes positive mass at θ, and hence

Π(ΣK ∪ {θ}) = 0. (A.11)

Let U be a countable base for the relative topology of K. For U ∈ U , define

bU (ν, ζ) = 1{ν(U)>0}, bU (θ) = 0.

The map bU is Borel. Since the first coordinate ν+ of TK(ν, ζ) satisfies ν+ ≪ ν, one has

bU ◦ T̂K ≤ bU .

Invariance makes the integrals of the two sides equal, so bU ◦ T̂K = bU almost surely.
Ergodicity therefore implies that bU is almost surely equal to either zero or one.

Define the barycenter of the first-coordinate marginal by

ν(B) =

∫
XK

ν(B) dΠ(ν, ζ), B ⊂ K Borel, (A.12)

and set S = supp ν. For every U ∈ U ,

ν(U) > 0 ⇐⇒ Π{ν(U) > 0} > 0 ⇐⇒ ν(U) > 0 almost surely.

After intersecting over the countable base, the support characterization by positive-mass
neighborhoods gives

supp ν = S almost surely. (A.13)

Extend the coordinate projections π1, π2 to θ by assigning them the same arbitrary
element of P(K). On Xreg

K , π2 ◦ T̂K = π1; therefore (A.11) and invariance give

(π2)∗Π = (π1)∗Π. (A.14)

Thus, for every U ∈ U , the events {ζ(U) > 0} and {ν(U) > 0} have the same probability.
Combining this with the preceding zero-one conclusion and again intersecting over U yields
supp ζ = S almost surely.

The set
YS = {(ν, ζ) ∈ Xreg

K : supp ν = supp ζ = S}
is Borel; this follows from the same countable-base characterization of support. Since Π(YS) =
1, the set

Y∞
S =

⋂
n≥0

T̂−n
K YS (A.15)

is forward invariant and has full measure. Finally, if S = {λ}, then ν = ζ = δλ on YS , which
gives RK = 0, contrary to YS ⊂ Xreg

K . Hence S has at least two points.
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Lemma 15 Let S be a closed subset of the compact metric space K. Suppose that νn, ν ∈
P(K) are supported on S and νn ⇒ ν in P(K). Then νn ⇒ ν in P(S). Consequently,

νn(B) −→ ν(B) (A.16)

for every Borel set B ⊂ S whose relative boundary in S has zero ν-measure.

Proof Every function in C(S) extends continuously toK. Since all the measures are supported
on S, weak convergence on K therefore implies weak convergence on S. The second assertion
is the continuity-set consequence of weak convergence on S.

Let S ⊂ (0,∞) be compact with endpoints a < b, and put

p =
b

a+ b
, q =

a

a+ b
. (A.17)

For 0 < δ < (b− a)/2, define

Lδ(S) = S ∩ [a, a+ δ], Uδ(S) = S ∩ [b− δ, b]. (A.18)

If supp ν = S, both masses are positive. Set

hδ,S(ν) = −
p

2
log ν(Lδ(S))−

q

2
log ν(Uδ(S)), (A.19)

Γδ,S(u) =

[
sup

λ∈Lδ(S)

∣∣∣∣1−
λ

u

∣∣∣∣
]p [

sup
λ∈Uδ(S)

∣∣∣∣1−
λ

u

∣∣∣∣
]q

, (A.20)

and
Cδ,S = sup

u∈[a,b]
Γδ,S(u). (A.21)

Lemma 16 Let χ = (ν, ζ) ∈ Xreg
K satisfy supp ν = supp ζ = S, with endpoints a < b, and

write TKχ = (ν+, ν). Then

log rK(χ) ≤ logΓδ,S(u(ζ)) + hδ,S(ν
+)− hδ,S(ν) (A.22)

and therefore
log rK(χ) ≤ logCδ,S + hδ,S(ν

+)− hδ,S(ν). (A.23)

Moreover,

Cδ,S −→
b− a

b+ a
(δ ↓ 0). (A.24)

Proof Write u = u(ζ) and Qu(λ) = (1 − λ/u)2. Since supp ζ = S has distinct endpoints,
u ∈ (a, b). The two band masses of ν are positive. Moreover, Qu(a) > 0 and Qu(b) > 0;
continuity and the support condition show that the conditional averages QL and QU of Qu

over the two endpoint bands are strictly positive.
From (A.5),

ν+(Lδ(S)) =
ν(Lδ(S))QL

RK(χ)
, ν+(Uδ(S)) =

ν(Uδ(S))QU

RK(χ)
.

Substitution into (A.19) gives

hδ,S(ν
+)− hδ,S(ν) = log rK(χ)−

p

2
logQL −

q

2
logQU .

Bounding each conditional average by the square of the corresponding supremum proves
(A.22); taking the supremum in u gives (A.23).
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For λ ∈ Lδ(S) and u ∈ [a, b], ∣∣∣∣∣∣∣∣1−
λ

u

∣∣∣∣− u− a

u

∣∣∣∣ ≤ δ

a
,

and the analogous estimate holds on the upper band. Hence the two endpoint suprema
converge uniformly to (u − a)/u and (b − u)/u. Uniform continuity of (s, t) 7→ sptq on a
common compact range gives uniform convergence of Γδ,S to(

u− a

u

)b/(a+b) ( b− u

u

)a/(a+b)

.

Taking suprema and applying Lemma 3 proves (A.24).

When ν has positive atoms at a and b, singleton endpoint bands recover the finite-
dimensional coboundary (6.6). The endpoint-band certificate is its continuous-support ana-
logue.

A.3 Invariant averages and semi-uniformity

Throughout this subsection, the ambient set K is fixed. The symbols ν, ζ ∈ P(K) denote
coordinate measures, whereas Π denotes an invariant probability measure on the state space
X̂K ; the persistent support S ⊂ K may depend on the ergodic component of Π.

Proposition 6 Let K ⊂ (0,∞) be compact with at least two points. Every T̂K-invariant
probability measure Π obeys ∫

f̂K dΠ ≤ log c(K). (A.25)

Here the integral is understood in the extended sense.

Proof Since f̂K is bounded above, its integral is well defined in [−∞,∞). If
∫
f̂K dΠ = −∞,

the assertion is immediate. Hence assume (A.9).
Let Π =

∫
η dΛ(η) be the ergodic decomposition. Applying the decomposition to the

bounded truncations max{f̂K ,−M} and then letting M → ∞ gives∫
f̂K dΠ =

∫ (∫
f̂K dη

)
dΛ(η).

Since f̂K is bounded above and the left-hand side is finite, almost every ergodic component
has finite logarithmic average. It is therefore enough to prove (A.25) for an ergodic Π
satisfying (A.9).

Let S and Y∞
S be given by Lemma 14, and write

a = minS, b = maxS.

Choose a point χ = (ν0, ζ0) ∈ Y∞
S that is topologically recurrent and Birkhoff generic for

f̂K . Thus there are nℓ → ∞ such that T̂
nℓ
K χ→ χ, and

1

n

n−1∑
k=0

f̂K(T̂k
Kχ) −→

∫
f̂K dΠ.

Write T̂n
Kχ = (νn, ζn). Every νn and ζn has support S.

Choose δj ↓ 0, with 0 < δj < (b− a)/2, such that

ν0({a+ δj}) = ν0({b− δj}) = 0.
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Along the recurrence subsequence, νnℓ ⇒ ν0 in P(K). By Lemma 15, the convergence also
holds in P(S). The endpoint bands are continuity sets for ν0, and therefore

hδj ,S(νnℓ ) −→ hδj ,S(ν0).

Summing (A.23) from 0 to nℓ − 1, dividing by nℓ, and letting ℓ→ ∞ gives∫
f̂K dΠ ≤ logCδj ,S .

Finally let j → ∞. By (A.24),∫
f̂K dΠ ≤ log c(S) ≤ log c(K).

The bound holds on almost every ergodic component and hence for the original invariant
measure.

For the extremal statement, write

a = minK, b = maxK, mK =
a+ b

2
,

and define

ν∗K =
1

2
δa +

1

2
δb, χ∗

K = (ν∗K , ν
∗
K). (A.26)

Proposition 7 Let K ⊂ (0,∞) be compact with at least two points. The maximal invariant

average of f̂K equals log c(K), and the unique maximizing invariant probability measure on

X̂K is
δχ∗

K
. (A.27)

Proof The state χ∗
K is regular, fixed, and has multiplier c(K), while Proposition 6 gives the

matching upper bound.
It remains to prove uniqueness. We first consider an ergodic maximizing measure Π. Let

S be its persistent support from Lemma 14. The ergodic part of the preceding proof gives

log c(K) =

∫
f̂K dΠ ≤ log c(S) ≤ log c(K). (A.28)

Hence c(S) = c(K). Since S ⊂ K and (t− s)/(t+ s) is strictly decreasing in s and strictly
increasing in t, the endpoints of S are the global endpoints a and b.

Let ν be the barycenter in (A.12). Choose a decreasing sequence

0 < δj <
b− a

2
, δj ↓ 0, (A.29)

such that
ν({a+ δj}) = ν({b− δj}) = 0. (A.30)

For each j, (A.12) and (A.30) imply

ν({a+ δj}) = ν({b− δj}) = 0

for Π-almost every state (ν, ζ). Since both the indices j ≥ 1 and the forward iterates
are countable, invariance yields a Π-full Borel set Z such that, whenever χ ∈ Z and
T̂n
Kχ = (νn, ζn),

νn({a+ δj}) = νn({b− δj}) = 0 (n ≥ 0, j ≥ 1).

Set
Lj = Lδj (S), Uj = Uδj (S), Γj = Γδj ,S , hj = hδj ,S .
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For N ∈ N, define

Gj,N (ν, ζ) = max{logΓj(u(ζ)),−N}, Gj,N (θ) = −N. (A.31)

The functions Gj,N are bounded and Borel. Choose χ = (ν0, ζ0) ∈ Y∞
S ∩ Z that is recurrent

and is Birkhoff generic for f̂K and for every Gj,N . Write χn = (νn, ζn) = T̂n
Kχ and choose

recurrence times nℓ with χnℓ → χ.
The sets Lj and Uj are continuity sets for ν0 relative to S. Hence Lemma 15 gives

hj(νnℓ ) → hj(ν0). Since Gj,N ≥ logΓj ◦u, summing (A.22) along the recurrence subsequence
yields

log c(K) ≤
∫
Gj,N dΠ.

For λ, u ∈ [a, b], |1− λ/u| ≤ (b− a)/a. Thus all Gj,N and logΓj ◦ u have the common finite
upper bound

U0 = logmax

{
1,
b− a

a

}
.

Letting N → ∞ by monotone convergence applied to U0 −Gj,N gives∫
logΓj(u(ζ)) dΠ ≥ log c(K). (A.32)

As j → ∞, the endpoint bands decrease and Γj ↓ Γ0 pointwise, where

Γ0(u) =

(
u− a

u

)b/(a+b) ( b− u

u

)a/(a+b)

.

Since logΓj ≤ U0, monotone convergence applied to the nonnegative increasing functions
U0 − logΓj , with log 0 = −∞, gives∫

logΓj(u(ζ)) dΠ −→
∫

logΓ0(u(ζ)) dΠ.

Combining this limit with (A.32) gives∫
logΓ0(u(ζ)) dΠ ≥ log c(K).

By Lemma 3, the integrand is at most log c(K), with equality only at u(ζ) = mK . Hence

u(ζ) = mK almost surely. (A.33)

Equality of the coordinate marginals in (A.14) gives u(ν) = mK almost surely as well.
Using (A.33),

rK(ν, ζ)2 =

∫
K

(
1−

2λ

a+ b

)2

ν(dλ) ≤ c(K)2, (A.34)

with equality only when ν is supported on {a, b}. On the Π-full regular set Y∞
S , one has

f̂K = log rK ≤ log c(K). Since
∫
f̂K dΠ = log c(K), it follows that rK = c(K) almost surely.

Hence equality holds almost surely in (A.34). But supp ν = S almost surely, so S = {a, b}.
The midpoint conditions then give

ν = ζ =
1

2
(δa + δb) = ν∗K almost surely.

Thus every ergodic maximizing measure equals δχ∗
K
.

Finally, let Π be an arbitrary maximizing invariant measure and write its ergodic
decomposition as Π =

∫
η dΛ(η). Applying the decomposition to the bounded truncations of

f̂K and then using monotone convergence, as in the proof of Proposition 6, gives∫
f̂K dΠ =

∫ (∫
f̂K dη

)
dΛ(η).
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By Proposition 6, the inner integral is at most log c(K) for Λ-almost every component,
while the left-hand side equals log c(K). Hence almost every component is maximizing and
therefore equals δχ∗

K
. Consequently Π = δχ∗

K
.

Remark 1 When K = σ(A), the balanced state χ∗
K is realized by a Hilbert-space vector if

and only if
EA({a}) ̸= 0, EA({b}) ̸= 0.

Equal-norm components in the two endpoint eigenspaces then generate the exact matched
geometric orbit.

Continuous-spectrum root-factor equality can also occur without endpoint eigenvectors.
Let H = L2([a, b], dλ), let (Af)(λ) = λf(λ), and take g0 ≡ 1. The spectrum [a, b] is purely
continuous, and symmetry about (a+ b)/2 gives, under matched BB1,

αk =
2

a+ b
, gk(λ) =

(
1−

2λ

a+ b

)k

(k ≥ 0).

With c(K) = (b− a)/(b+ a), the change of variables t = (2λ− a− b)/(b− a) yields

∥gk∥
∥g0∥

=
c(K)k
√
2k + 1

, ρA(g0, α
mat
0 ) = c(K).

For BB2 under its matched initialization, taking g0(λ) = λ−1/2 makes A1/2g0 = 1, so
Corollary 5 yields the same root factor c(K).

Lemma 17 Let K ⊂ (0,∞) be compact with at least two points. For every η > 0, there
exists BK,η <∞ such that every nonterminal orbit segment, meaning

χ, T̂Kχ, . . . , T̂
n−1
K χ ∈ Xreg

K ,

satisfies
n−1∑
k=0

f̂K(T̂k
Kχ) ≤ n

(
log c(K) + η

)
+BK,η (n ≥ 1). (A.35)

Proof Apply Proposition 3 with

X = X̂K , T = T̂K , D = ΣK ∪ {θ}, f = f̂K , β = log c(K).

By Lemma 12 and (A.8), X̂K is compact metrizable, T̂K is Borel with every discontinuity

contained in D, and f̂K is upper semicontinuous, bounded above, and equal to −∞ on D.
The invariant-measure hypothesis is Proposition 6.

A.4 Proof of the extension and weighted consequences

Proof (Proof of Theorem 3) Let K0 = K(g0). By the standing zero-extension convention,
singleton-support and finite-termination cases are immediate. Thus assume that K0 has at
least two points and g1 ̸= 0. The multiplier I − α0A cannot create spectral mass, so ν1 is
supported in K0 and χ1 = (ν1, ν0) ∈ XK0

. For every n ≥ 2 before termination, the states
χ1, . . . , χn−1 form a nonterminal orbit segment and

∥gn∥
∥g0∥

=
∥g1∥
∥g0∥

n−1∏
k=1

rK0
(χk), χk = T̂k−1

K0
χ1.

Thus, for every η > 0, Lemma 17 gives

∥gn∥ ≤ ∥g1∥ exp(BK0,η)
(
c(K0)e

η
)n−1

.
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Taking nth roots and then letting η ↓ 0 proves (11.11).
If M = m, then the matched step terminates exactly, every γ ∈ (0, 1) is a uniform

envelope rate, and the threshold is 0 = cA. Assume henceforth that M > m. It remains
to consider matched trajectories with nonsingleton initial support. Their normalized orbits
start from χ0 = (ν0, ν0) in the single compact state space Xσ(A). Given γ ∈ (cA, 1), choose
η = log(γ/cA). For every k ≥ 1 before termination, the states χ0, . . . , χk−1 are nonterminal
and Lemma 17 gives

∥gk∥ ≤ exp(Bσ(A),η)γ
k∥g0∥.

Hence (11.12) holds with
C = max{1, exp(Bσ(A),η)},

which depends only on A and γ.
To prove optimality of the uniform-envelope threshold, suppose that (11.12) holds for

some C <∞ and some γ ∈ (0, cA). Choose N so large that

cNA > 2CγN . (A.36)

For every 0 < δ < (M −m)/2, the spectral projections EA([m,m+ δ]) and EA([M − δ,M ])
are nonzero. Indeed, if the first projection vanished, the spectral representation would give
A ≥ (m+ δ)I, contradicting m = minσ(A); the upper endpoint is analogous. Choose unit
vectors uδ and vδ in these orthogonal ranges and set

gδ0 =
uδ + vδ√

2
. (A.37)

Then ∥gδ0∥ = 1, and orthogonality of the two reducing spectral subspaces gives, for every
Borel set B,

νgδ0
(B) =

1

2
νuδ (B) +

1

2
νvδ (B).

The two measures on the right are supported in intervals shrinking to m and M , respectively,
so

νgδ0
⇒

1

2
δm +

1

2
δM (δ ↓ 0). (A.38)

Let χδ
0 = (νgδ0

, νgδ0
). Then χδ

0 ⇒ χ∗
σ(A)

, and the limit is a regular fixed state with multiplier

cA > 0. By induction on j = 0, . . . , N − 1, continuity of Tσ(A) and rσ(A) at this fixed state

implies that, for all sufficiently small δ, the first N states are regular, χδ
j ⇒ χ∗

σ(A)
, and

rσ(A)(χ
δ
j ) −→ cA.

Consequently,

∥gδN∥
∥gδ0∥

=

N−1∏
j=0

rσ(A)(χ
δ
j ) −→ cNA . (A.39)

For sufficiently small δ, the left-hand side exceeds cNA /2 > CγN , contradicting the assumed
envelope. Hence no γ ∈ (0, cA) is uniform.

Finally, under (11.14), the matched spectral mean is (a + b)/2. The two endpoint
multipliers are (b− a)/(b+ a) and its negative, so their squared energies remain balanced
and (11.15) follows by induction.

Proof (Proof of Corollary 5) Set S = Ψ(A)1/2 and g̃k = Sgk. The bounds (11.16) make S
boundedly invertible, and S commutes with A. The first transformed update is

g̃1 = (I − α0A)g̃0,

and for every k ≥ 1 the weighted quotient is the BB1 Rayleigh quotient of g̃k−1. Hence {g̃k}
is a BB1 gradient sequence for A with the same first step. Moreover,

νSg(B) =

∫
B Ψ(λ) νg(dλ)∫
Ψ(λ) νg(dλ)

,
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so the uniform bounds in (11.16) make νSg and νg mutually absolutely continuous and hence
give them the same topological support. Bounded norm equivalence preserves root factors
and transfers the nonexistence of envelopes below the threshold. The inequalities√

ψ−∥g∥ ≤ ∥Sg∥ ≤
√
ψ+∥g∥

give (11.18). The matched weighted initialization is the ordinary matched BB1 initialization
for g̃0, and equal endpoint energies for g̃0 are exactly (11.19). For data supported on the a-
and b-eigenspaces, both original components are then multiplied in modulus by (b−a)/(b+a)
at every step, which gives (11.15).

Proof (Proof of Corollary 6) Ifm =M , every matched trajectory terminates after one update.
Assume m < M and work on X[m,M ]. Since every scalar spectral measure is supported in
[m,M ], it suffices under the standing zero-extension convention to estimate nonterminal
segments (singleton-supported matched trajectories terminate immediately). Every such
segment satisfies Lemma 17 with the same constant B[m,M ],η for all h. Choose η > 0 so that
cm,Meη < γ and set

C = max{1, exp(B[m,M ],η)}.

The semi-uniform product bound proves (11.21). For BB2, the conjugacy Sh = A
1/2
h and

√
m∥g∥ ≤ ∥Shg∥ ≤

√
M∥g∥

give the common prefactor
√
M/mC.
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