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Abstract We give a new proof of R-linear convergence for BB1, BB2, and
fixed positive spectral-weight variants on finite-dimensional strictly convex
quadratics. The delayed recurrence is written as a first-order system on the
closed cone of compatible consecutive-gradient pairs. Its transition is continuous
and positively homogeneous of degree one, including at finite termination. A
compactness theorem shows that pointwise convergence of every cone orbit
implies a uniform finite-step contraction and hence a global R-linear estimate.
By a realization lemma, every compatible state initiates a BB1 trajectory, so
Raydan’s theorem yields pointwise stability on the entire cone. Finally, the
transformation g 7→ W1/2g conjugates every fixed positive spectral-weight rule
to BB1. Consequently, BB1, BB2, and all such weighted rules have the same
homogeneous growth radius.
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1 Introduction

Consider the strictly convex quadratic problem

min
x∈Rn

f(x) =
1

2
x⊤Hx− b⊤x, H = H⊤ ≻ 0, (1.1)

with minimizer x∗ = H−1b and gradients gk = H(xk − x∗). A gradient step
satisfies

xk+1 = xk − αkgk, gk+1 = (I− αkH)gk. (1.2)
The two classical Barzilai–Borwein (BB) rules choose, on a quadratic,

αBB1
k =

g⊤
k−1gk−1

g⊤
k−1Hgk−1

, αBB2
k =

g⊤
k−1Hgk−1

g⊤
k−1H

2gk−1

. (1.3)

Their defining feature is the one-step delay: the stepsize applied to gk is
determined by gk−1.

Barzilai and Borwein introduced these rules and analyzed their two-
dimensional behavior [1]. Raydan proved global convergence of both choices on
finite-dimensional strictly convex quadratics. Dai and Liao established R-linear
convergence in arbitrary dimension for BB1 and recorded the analogous BB2
conclusion [3, 5]. The latter proof strengthens a spectral-component induction
into a uniform finite-window estimate. Related coordinatewise mechanisms
underlie the bounded-retard framework of Friedlander, Martínez, Molina, and
Raydan and the Property A analysis of Dai [2, 4].

In this paper, we give a new convergence analysis based on the geometry of
an augmented state. The state is a pair of consecutive gradients. Its realizable
values form the cone

(u,v), v = (I− αH)u, α ∈ [λmax(H)−1, λmin(H)−1].

The cone is closed and forward invariant, and its only state with first component
zero is the origin. On this cone the delayed BB update is continuous, including
at finite termination, and positively homogeneous of degree one.

The abstract step is a finite-dimensional compactness principle: pointwise
convergence of every orbit of a continuous homogeneous self-map on a closed
cone is equivalent to a uniform R-linear estimate. This equivalence follows
from Shen and Hu [6, Theorem 5.1] in the single-map, degree-one case, and a
related growth-rate characterization is given by Tuna [7]. We give a proof of the
version needed here. A realization lemma makes Raydan’s theorem applicable
from every compatible state, providing the pointwise input for BB1. For a
fixed positive spectral weight W = ω(H), the map (u,v) 7→ (W1/2u,W1/2v)
conjugates the weighted pair dynamics to BB1. This transfers one decay factor
to BB2 and to every fixed weighted rule and identifies their homogeneous
growth radii.

Section 2 presents the compactness argument and records its growth radius.
Section 3 constructs the compatible cone, establishes the spectral conjugacy,
and derives estimates for gradient pairs, iterates, and objective gaps. A com-
plementary sharp-factor analysis appears in [8].
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2 Homogeneous dynamics on closed cones

Let X be a finite-dimensional normed space. A nonempty set Ω ⊂ X is called
a closed cone if it is closed, 0 ∈ Ω, and

x ∈ Ω, t ≥ 0 =⇒ tx ∈ Ω.

A map T : Ω → Ω is positively homogeneous of degree one if

T (tx) = tT (x), t ≥ 0, x ∈ Ω. (2.1)

Positive homogeneity implies T (0) = 0. Throughout, iteration indices are
nonnegative integers, and T 0 denotes the identity map on Ω, so that T 0(x) = x.

Definition 2.1. The origin is globally R-linearly stable for T on Ω if there
exist C ≥ 1 and ρ ∈ (0, 1) such that

∥T k(x)∥ ≤ Cρk∥x∥, x ∈ Ω, k ≥ 0. (2.2)

Theorem 2.2 ([6, Theorem 5.1], single-map case). Let Ω be a closed cone in
X, and let T : Ω → Ω be continuous and positively homogeneous of degree one.
The following statements are equivalent.

(i) For every x ∈ Ω, one has T k(x) → 0.
(ii) There exist C ≥ 1 and ρ ∈ (0, 1) for which (2.2) holds.
(iii) There exist an integer N ≥ 1 and θ ∈ (0, 1) such that

∥TN (x)∥ ≤ θ∥x∥, x ∈ Ω. (2.3)

Proof. If Ω = {0}, all three statements hold trivially. For the rest of the proof,
assume Ω ̸= {0} and set

ΣΩ := {x ∈ Ω : ∥x∥ = 1}.

Then ΣΩ is nonempty and compact. We prove the cycle (iii) ⇒ (ii) ⇒ (i) ⇒
(iii).
(iii)⇒(ii). Continuity and positive homogeneity give

LN := max
0≤j<N

max
y∈ΣΩ

∥T j(y)∥ < ∞.

Write k = qN + r, with 0 ≤ r < N . Iterating (2.3) yields

∥T k(x)∥ ≤ LNθq∥x∥ ≤ LN

θ

(
θ1/N

)k∥x∥.
Thus (ii) holds.
(ii)⇒(i). This follows immediately from 0 < ρ < 1.
(i)⇒(iii). Fix η ∈ (0, 1). For each x ∈ ΣΩ, pointwise convergence gives an
integer nx ≥ 1 such that

∥Tnx(x)∥ < η.
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By continuity of Tnx , there is a relative neighborhood Ux of x in ΣΩ on which

∥Tnx(y)∥ ≤ η.

Choose a finite subcover Ux1 , . . . , Uxs and set

N0 := max
1≤i≤s

nxi , L := max
0≤j≤N0

max
y∈ΣΩ

∥T j(y)∥.

For every y ∈ ΣΩ , choose one m(y) ∈ {1, . . . , N0} such that

∥Tm(y)(y)∥ ≤ η. (2.4)

Fix x ∈ Ω \ {0}. Set z0 = x and s0 = 0. As long as zq ̸= 0, define

mq := m

(
zq

∥zq∥

)
, sq+1 := sq +mq, zq+1 := Tmq (zq).

Positive homogeneity and (2.4) give

∥zq+1∥ ≤ η∥zq∥, ∥zq∥ ≤ ηq∥x∥. (2.5)

If some zq vanishes, all later iterates vanish. Otherwise sq ≥ q and sq → ∞.
For every iterate that has not already vanished, choose the unique q such that
sq ≤ k < sq+1. Since k − sq ≤ N0,

∥T k(x)∥ = ∥T k−sq (zq)∥ ≤ L∥zq∥ ≤ Lηq∥x∥.

Moreover,

k < sq+1 ≤ (q + 1)N0, so q >
k

N0
− 1.

For every k ≥ 1, consequently,

∥T k(x)∥ ≤ L

η

(
η1/N0

)k∥x∥. (2.6)

The estimate is trivial after finite termination and at x = 0. Since L and N0

are independent of x, choose an integer N ≥ 1 large enough that

θ :=
L

η

(
η1/N0

)N
< 1.

Applying (2.6) at k = N gives (2.3) for every x ∈ Ω. This proves (iii) and
completes the equivalence.
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2.1 The homogeneous growth radius

For a nontrivial closed cone and a continuous positively homogeneous self-map,
set

ΣΩ := {x ∈ Ω : ∥x∥ = 1}

and define
ak(T ) := max

x∈ΣΩ

∥T k(x)∥, k ≥ 0. (2.7)

The maximum exists by compactness, and positive homogeneity gives

ak+ℓ(T ) ≤ ak(T )aℓ(T ). (2.8)

Indeed, for x ∈ ΣΩ with T ℓ(x) ̸= 0, normalize T ℓ(x) and use homogeneity to
obtain

∥T k+ℓ(x)∥ ≤ ak(T )∥T ℓ(x)∥ ≤ ak(T )aℓ(T );

the case T ℓ(x) = 0 is immediate. Hence the following limit exists:

rΩ(T ) := lim
k→∞

ak(T )
1/k = inf

k≥1
ak(T )

1/k. (2.9)

Corollary 2.3. Under the assumptions of Theorem 2.2, with Ω ̸= {0}, point-
wise convergence is equivalent to rΩ(T ) < 1. Whenever these equivalent stability
conditions hold, rΩ(T ) is the infimum of all ρ ∈ (0, 1) for which an estimate
(2.2) holds with some finite prefactor C.

Proof. Pointwise convergence implies (2.2) by Theorem 2.2, hence ak(T ) ≤ Cρk

and rΩ(T ) ≤ ρ < 1. Conversely, if rΩ(T ) < 1, choose ρ ∈ (rΩ(T ), 1). By (2.9),
there is N for which aN (T ) < ρN . Writing k = qN + r and using (2.8) gives

ak(T ) ≤ aN (T )q max
0≤j<N

aj(T ) ≤ Cρρ
k

for a finite Cρ. Positive homogeneity gives (2.2). The same argument proves
that every ρ > rΩ(T ) is admissible, whereas any admissible rate bounds the
limit in (2.9).

Remark 2.4. The compact normalized section is essential. On ℓ2, let

Tej =

(
1− 1

j

)
ej .

Then T is linear and T kx → 0 for every x ∈ ℓ2, but ∥T k∥ = 1 for every k;
no uniform R-linear estimate holds. Thus Theorem 2.2 does not extend to
infinite-dimensional spaces without an additional compactness or uniformity
hypothesis.
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3 BB dynamics on compatible gradient pairs

Translate the minimizer in (1.1) to the origin and write

f(x) =
1

2
x⊤Hx, g = Hx, 0 < a := λmin(H) ≤ λmax(H) =: b. (3.1)

A positive spectral weight is

W = ω(H), ω(λ) > 0 for every λ ∈ σ(H).

Thus W ≻ 0 and WH = HW. Write

κ2(W) := ∥W∥2∥W−1∥2.

For u ̸= 0, define the delayed weighted Rayleigh step

αW(u) :=
u⊤Wu

u⊤WHu
. (3.2)

The generalized Rayleigh quotient gives

1

b
≤ αW(u) ≤ 1

a
. (3.3)

The choices W = I and W = H are BB1 and BB2, respectively. Starting from
an arbitrary positive first step α0, the weighted delayed recurrence is

gk+1 = (I− αkH)gk, αk = αW(gk−1), k ≥ 1, (3.4)

with the usual zero continuation after termination.

3.1 The closed invariant cone

Let

ΩBB(H) :=

{
(u,v) ∈ Rn × Rn :

v = (I− αH)u

for some α ∈ [b−1, a−1]

}
(3.5)

and equip the product space with the Euclidean norm

∥(u,v)∥2 :=
(
∥u∥2 + ∥v∥2

)1/2
,

where vector norms without a subscript are Euclidean. Define

TW(u,v) :=

{(
v, (I− αW(u)H)v

)
, u ̸= 0,

(0, 0), (u,v) = (0, 0).
(3.6)

There is no other state with u = 0 in (3.5).
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Proposition 3.1. The set ΩBB(H) is a closed cone. For every fixed positive
spectral weight W, the transition

TW : ΩBB(H) −→ ΩBB(H)

is a continuous positively homogeneous self-map.

Proof. Closure under nonnegative scaling follows immediately from (3.5). Let
(uℓ,vℓ) → (u,v) with (uℓ,vℓ) ∈ ΩBB(H). Choose αℓ ∈ [b−1, a−1] such that

vℓ = (I− αℓH)uℓ.

The interval is compact, so a subsequence satisfies αℓ → α ∈ [b−1, a−1]. Passing
to the limit gives v = (I− αH)u, and the cone is closed.

If (u,v) ∈ ΩBB(H) and u ̸= 0, then (3.3) shows that

(I− αW(u)H)v

is a legal one-step update of v. Hence TW(u,v) belongs to the same cone. The
zero state maps to itself.

For t > 0, (3.2) gives αW(tu) = αW(u). Thus

TW(tu, tv) = tTW(u,v).

The identity also holds at t = 0. Continuity away from the origin is immediate.
At the origin, set

MH := max
α∈[b−1,a−1]

∥I− αH∥2 < ∞.

For every nonzero compatible state,

∥(I− αW(u)H)v∥ ≤ MH∥v∥.

Therefore TW(u,v) → (0, 0) whenever (u,v) → (0, 0) within the cone. This
proves continuity.

3.2 Spectral conjugacy

Set S = W1/2 and define

SW(u,v) := (Su,Sv). (3.7)

Since S commutes with H, SW maps ΩBB(H) onto itself.

Proposition 3.2. Let TI denote the BB1 transition. Then

SWTW = TISW, TW = S−1
W TISW. (3.8)

In particular,
rΩBB(H)(TW) = rΩBB(H)(TI). (3.9)
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Proof. For u ̸= 0,

αI(Su) =
(Su)⊤(Su)

(Su)⊤H(Su)
=

u⊤Wu

u⊤WHu
= αW(u).

Multiplying both components of (3.6) by S proves (3.8). Iteration gives T k
W =

S−1
W T k

I SW. If ak(T ) denotes (2.7) on ΩBB(H) and κ(SW) = ∥S∥2∥S−1∥2, then

κ(SW)−1ak(TI) ≤ ak(TW) ≤ κ(SW)ak(TI). (3.10)

Indeed, the upper bound follows from the conjugacy and homogeneity after
normalizing SWz; the lower bound follows by interchanging TW and TI. Taking
kth roots in (3.10) proves (3.9).

3.3 State-uniform R-linear convergence

Lemma 3.3. Every state (u,v) ∈ ΩBB(H) is the consecutive-gradient state ob-
tained after one admissible warm-up step. Starting from this state, its subsequent
delayed weighted Rayleigh trajectory is exactly the orbit of TW.

Proof. If u = 0, compatibility gives v = 0, and the assertion follows from the
prescribed zero continuation. Hence assume u ̸= 0. Choose α ∈ [b−1, a−1] such
that v = (I− αH)u. With x0 = H−1u and x1 = H−1v, one has

x1 = x0 − αu.

Thus u 7→ v is a legal warm-up gradient step. In the BB1 case, if s0 = x1 −x0

and y0 = v − u, then

s0 = −αu, y0 = −αHu,
s⊤0 s0
s⊤0 y0

= αI(u),

so the orbit is a genuine BB1 trajectory. For a general fixed weight, the next
stepsize is αW(u) by definition, and hence

(u,v) 7→
(
v, (I− αW(u)H)v

)
= TW(u,v).

The same identity repeats until termination, after which both the algorithm
and the map are continued by zeros.

Theorem 3.4. Fix H ≻ 0. There exist constants CH ≥ 1 and ρH ∈ (0, 1),
depending only on H, such that every positive spectral weight W = ω(H)
satisfies

∥T k
W(u,v)∥2 ≤ CH

√
κ2(W) ρkH∥(u,v)∥2, (u,v) ∈ ΩBB(H), k ≥ 0.

(3.11)
This includes BB1, BB2, and every fixed power weight W = Hτ , τ ∈ R.



R-Linear Convergence via Closed-Cone Dynamics 9

Proof. Raydan’s convergence theorem shows that every BB1 trajectory on a
strictly convex quadratic either terminates or has gradients tending to zero [5].
By Lemma 3.3, every TI-orbit on ΩBB(H) is such a trajectory. Hence T k

I z → 0
for every z ∈ ΩBB(H), and Proposition 3.1 and Theorem 2.2 give constants
CH ≥ 1 and ρH ∈ (0, 1), depending only on H, for which (3.11) holds when
W = I.

For general W, Proposition 3.2 gives T k
W = S−1

W T k
I SW. The operator norms

of SW and S−1
W for the product norm are ∥S∥2 and ∥S−1∥2, respectively. Hence

∥T k
Wz∥2 ≤ ∥S−1∥2 CHρkH∥SWz∥2 ≤ CH∥S−1∥2∥S∥2ρkH∥z∥2.

Since S = W1/2,
∥S−1∥2∥S∥2 =

√
κ2(W).

For W = Hτ the matrix is positive definite for every real τ .

Corollary 3.5. Consider BB1, BB2, or a fixed weighted rule (3.4), with an
arbitrary positive finite first step and zero continuation after termination. Then

∥(gk, gk+1)∥2 ≤ CH

√
κ2(W) ρ k−1

H ∥(g1, g2)∥2, k ≥ 1. (3.12)

Consequently,

∥xk − x∗∥ ≤ a−1CH

√
κ2(W) ρ k−1

H ∥(g1, g2)∥2, (3.13)

0 ≤ f(xk)− f(x∗) ≤
C2

Hκ2(W)

2a
ρ
2(k−1)
H ∥(g1, g2)∥22. (3.14)

Proof. If g0 = 0 or g1 = 0, the conclusion is immediate under zero continuation.
Otherwise the first computed weighted Rayleigh step is α1 = αW(g0) ∈
[b−1, a−1]. Hence (g1, g2) ∈ ΩBB(H) even when the arbitrary first step that
produced g1 does not. Moreover,

(gk, gk+1) = T k−1
W (g1, g2), k ≥ 1.

Applying Theorem 3.4 yields (3.12). The remaining estimates follow from

∥x− x∗∥ ≤ a−1∥g(x)∥

and
f(x)− f(x∗) =

1

2
g(x)⊤H−1g(x) ≤ 1

2a
∥g(x)∥2.
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4 Conclusion

The closed-cone construction gives a new convergence analysis by separating
the algorithm-specific input, pointwise convergence from every compatible state,
from a geometric rate-upgrade step. For BB1, Raydan’s convergence theorem
supplies the input; compactness and homogeneity yield the uniform R-linear
rate. Spectral conjugacy then transfers the rate to BB2 and every fixed positive
spectral weight while preserving the homogeneous growth radius.

The same proof architecture applies to a finite-memory spectral recurrence
whenever its realizable states form a finite-dimensional closed invariant cone,
the induced transition is continuous and degree-one positively homogeneous,
and pointwise stability holds from every cone state. The central task is therefore
the construction of the compatible state space. For the classical BB rules, a
sharper evaluation of the common growth radius is developed in [8].
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